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COJIlPIlIiII iOllal F'llIid Dnlalllics (CI"D) IlIod('1 1.01' sillllilal illg I h(,rJllalh' dril"l'lI 1I11\\'s
Usillga('ollslalll I'ddv viscosilv 1I10dl'l. 1I11'alllllOlllellllllll alld l'III'rg."I'!Il1aliOIlS, allm-
hall h('al islalld ('ilTlilal i011 is d('rived, Th r(,so!I"I' I hI' !1)("'lliz('d spal ial 1.1',11 lilTS or Slid I
it cir('lIlalioll, 11'1' hav(' sllIdil'd Ih(' 11 SI' of all adaplin' 11I1'sh 11I1'lhod hased 011 II'al"l,I('1
I rallsforJIlH tioll , \\"e h'l\'e proposed 'I s('colld OI'dl'r hill,\' illlpli('il lillH' ilJlIw'alioll
sdll'IIH' slldl Ihal, till' 1I10111l'lltlllll 'lI1lIIIH' 1'1 I('r!!:\, e!lll,llilllls arl' SllhTd sillllill;\III'llIlsh
011 all adaplil'l' collocated grid, AI ('ach lillle sl('p, H S."SI(,III OfllOlllilH'ar ('!Il1aliolls is
solv('d IIsillg a 1IIIilI i-scale 1I1l'111l)1!. \\'llI'rI' 11'<' haVl' IIs('d a I~ry!ov IIJ('tllod 1.)1' illlJ)]'(l\'-
illg th(' rail' OfCOIII'('I-g<'IIU" \\'hidl is a distilll'l fl'al,m(' oflh(' proposl'd CI:I) IIIOd('!
'I" Ihe l)('sl 01'0111' kIlO\\'iI'dgl" Ihis is Ihl' firsl lillH' alll'lllpl 10 IIS(' all adaplin' 1I11'sh
Hlld H l~n'lov Illdhod to Optilllizl' a 1I11i1ti-s('all' so!vI'r for 111',11, islillld ('ircII!Hlioll
Willl it hrief prl'SI'lIlalioll of I hI' scielllific prohl('lIl alld IIJ(' IIH'lhodolog." ill C'liap-
ll'rsl-:Llhep('rfOl'IIIHIJ('('oflh('proposl'dlllolil'lhasl)('ell\'('rifi('diIlChHpll'rs,I-,).
wlinI' WI' IlavI' sillllilaln! it slll"lr-drivI'1I II0w, it 1.!1l'l'IIIH!h' drivI'11 lIittmitl ('ollv('('lioll
Ilml', i1l1d a hl'i1t is!'llId cir('lililliolJ. \\'(, hil\'(' fllIIlHIII"11 0111' IIII1IH'ri(',d rI'slIlls 'lgrl'I'
11"1,11 Il'ilh prl'viollsh' pllhlishl'd 1)('lIdllllmk sillllilalioll rI'slIlls of silllilar lIo\\'s, leirsl.
1.!1l'1I111111'I'i('H!('rrori''''proportiollaltothl,giv('lItoleralll'1',SI'I'olld,'I!argl'CI:LIIIIIII-
1)('1' dOl'S 1101 alr('('1 1111' i1(Tllra(,\, sigllifil'i1IIII,\', leillHlly. Ih(' ('OIIlIHllaliol"d ('()sl gml"s
lilll'mly wilh Ihe 1IIIIIIherofgrid poillls if the IIlesh is rdill('d IO(,i1l1y, Th('l'rol'0s('d
1110de! is H lIovel l'olll.rilHltiol1 10 the fil'ld ofllll'sosl',i1e 1II('I.('om!ogy, whidl wOII!d 11l'11'
forfml.lll'rlll'velopIIH'lIlofllllllliscHI('IIII'II'orologiC'lllllollellillg,
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Filial"', ill](l IIlost illlportil]ltly. 1'1(1] f!;ral.dlll to lily rillllily, I'm liJt'ir ]lIdlil~gillg
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;l.1 1\11 'Idilpt.ivl' 11I1'sh i1pproildl I"orspilliill dis<T<'Ii"i1t.ioll
J.2 TiIlH'dis(Tl'ti"i1tioll
J.:3 Gxplicit illld illlplil·it Sdll'llIl'S
;\.:3.1 Thl'lIll'tllod 01" IH'llristicsl,d,ilit.\· '1IIillysis
;\.-1 TIll' proposl'd 1I11111<'ricill illg;orit.l1111











·1.1 Lid-driwlI (,ilvity 11011'
Cl'OIIl('t.rl',l1ldIHlIllI(!;lrV('OlldilioIlS
-1.1.2 Hdl'ITIJ('l' 1I11111('ri(,ill r('slIlts
-1.l.3 :\l1l1ll'ricalres11lts
1.1.:\.1 Spil(,I'i1l1dtillll'ildilpli\·it.y












1.2,:3,1 Dl'p('lIdl'II("(' Oil (II(' Ilavl('igll 1l1111I!l('r. /(1/ C, 7
ulllcrical Simulation of Hcat Island Circulation
S.L COV(Tllillg ('(l1lilliolls
G.2 C('olll('(rvillldiJOIllldilryC'olldil.ioll
').2,1 COIllpilrisoll witIJ 1'('1'('1'('11('(' IlI(HIl'1
G.3 NlIlIl('riC'ill n'sIIlts
5,:3.1 1}('IH'IHIl'IICl'olll{;n'il'igIJ 1I1111I1)('r. /(1/
!j,:1,2 I}t'p('lIdcllC'('OIl lIicIJardsollllllllll)('r, I?i
G,3,:1 D('!ll'lId('IJ{'(' Oil 1'\OIld('IIIIIII1)('r, 1-'1
G.·I SIIIIlllHlrv













?') Defillitioll ordillll'lIsi()]I<11 <l11l1 dillll'lIsi"lIkss p<lI'<lIIIl'I('I'S
-1.1 NIlIlIiH'1' orgl'id poillts <IS H rllll('tioll "rlh,' IO!(THII("(' (.
·1.2 Tillll'sll'p ('OITl'SpOlldillg to thl' Cl.", IIIII"IJ<'I'.







1.1 (a) A slIapshot of dO\l'lllOII"!l Torollto, showillg 1.11(' cil.y ('('lIl<'r \I,illl
high-rise hllildillgs; (h) A Sdl('llIalie profile for the t('lIljH'ratlln' distri-
hlltiollhel\"('('lIl1rhallalldrllralal'<'as
,1.1 I,id-drivell cavic", flow cOIJiigllral.iol1. ,1I1d hOlllldary ('OlldiliollS '1'11('
lop Il'idlIlIOI'('s al adilll('lIsiollless ('Ollsl.illlt spe('d, All ol.ll('r \I'alls 'liT
lixed\l'ithn'SIH'('ttotll('coordillal<'sys('111.
lIorizolltal velocity field (11) al. (a) I = ,10, (h) I =c!S, (c) I = SO 'I'll('
velo('ity dOl'S 1101. d'il.llgl'sigllilicalll.ly if I. is illl'l'l'ased
-1.3 Thehorizollta!I'('I(wil\' pl'Ofill'(II),alollg,!I'('I"ti('allilleat ,r=O,;>. (a)
COIllparisoll ofth('siIlIlIlated reslIlls fro 11 1 the preselll, IlIod('1 \I,ith Ih"
COI'l'('spolldillgn'sIIIls;lllapt"dfroIIIChiaellll,(1082),(h)C'olllp'lrisoll
of I.hl' sillllIlal."d r('slIll.sfl'Ollll.Ill'pITS('lll.llIodl'lwil.l, I.Ill' ('OI'l'('Sllllll(lillg
r"slIlts adapted frolll 110tella &: 1\',\'I'l'l (1008)
V"rti"al v('locil." fi(,ld (/1') at (a) I = ,Ill. (h) I = ·IG. (c) I = SO 'I'll('
1'I'lo"ilydO('SlIol,challgesigllificallllyiflisill('J'('aSI'd
so
,I.s Thc'wrl.ical wloci!.'· prnfilc'(II'), alollf.\a horizolll'lllillC'al.: =0.5. (a)
COIllparisoll oflhesillllJlal."d rC'slIlls frollllllc' pJ'('SC'111 IIlOdl,1 "'illl Ille
CCl!n'spollllillf.\reslIll.sac!>q>lc'd frolll Chia ('I Ill, (1IJ82). (I»Cnlllparisnll
oftllc'siIlIlJlaledreslIllsfrolllt.llC'pn's"llllIlndl'lwit.IIt.11C'COITC'SI)()lldillf.\
J'('slIlts i1daplc'd fro 11 I 13olc'IIa &: P",\'I'et. (19!J8)
cl.G The horizolllal ""loci!." prolile (11). i1101lf.\ a \'('rticallill(' ,11,1' = O,G
(a)Spal.ialllll'sllad'lpt'ltiOIll'C'sIJllsfol'lhc'\V;]\'elet.filt.C'l'loler'IIIC"',
cC)lIt.rolled '1C'('()l'(lillg 10 tolc'rilllcc'r: (h) The lilllC'st.ep adaptatiolll'l!
ClcL = I, 2, :\. -I. G, wll,'re a large eTL illdical<'s a largc' i'll, Nol"
Ihilt all explicit. SdlC'IIIC' wOllld wCjllire eTL:S I. sillg thl' Inrg,' CFL
v,dllC'isadisl.illctfcill111'eoftllc'preselll.lllodel
-1.7 l30lllldarv layer widt.h(,\) as a fllll('linll of l~c'\'llnlds 11(111I1H'r(N('), 1\
lille with iI slopc'of-().G fils \\'(,11 ,,'illJ tllC'colllplll<'d J'('sIJlls,
'I'll('l'Il1alh- ,lJ'il'('lI cavil,y 11011' cOllligllnJlioll, coordill,lIes, allCl hOlllldary
cOllditiollS, ;,(i
,1.0 TellllH'nltlll'c'licld (0) fmdiffeJ'('111. Ib)'!C'iglJ llIlIIJlH'rS ('I) Nil = 10:1,
,1.10 Vertical l'('locity fiC'ld (11') fmdirr"J'('llllb\'!C'igIIIIlIlIJlH'rS, (a) I~II = Ill",
(h) 1711 = 10 1, (c) I~II = 10", (d) Nil = IOn, H Ihl = 107 , (1') I~II = IOs
,1.11 (a) TI'III!)('nll.lll'I' prolitc. 0011 z/L = O,G 1)("11' I>olllldnry, (1)) '1('III1)<'ra-
1me prolilc', 0011 z/L = O,511car bOlllldary i1d,q>i.<'d fro 11 I I\la\'lIc' 1'1 III
(2000), (c) V"rtiuJl vc'loci!." profill', ,,-jU Oil z/L = O.S IIC'i1r bOllllClal'l',
(d) VC'rtical "eloci!." profi!,', ,,-jU Oil z/L = Il,s lIl'ar I>OllllClillY adilpl,'d
fl'OlIl\I;\\'IIC'('/II/. (:WOO), ."
<1.12 lIorizolltal \'('I(wity field (11) fordirfc'relll Ililylei)-!;h 11I11IJ!wrs. (iI) all =
10\ (h) HII = 10 1• (c) HII = 10". (d) HII = IOn H I?II = 10'. (1")
(;2
1.l3 J\dilpLc'd)-!;rid. (iI) I?II = 10:1• (h) HII = 10 1, (c·) HII = 10". (d) HII = 10".
H I?II= 107 .(1") HII= 10'.
G.I C'OIl1plllillioIHJidOlllilillillldsmfilcc'III'illill)-!;SOIlI'('C'ofhc',JlislilIIdc'ir-
ClllilliC)IJ
G.2 'l'C'lIlpc'r;ltlll"(' fi('ld (0) fOl' l7i = I. F,. = I, illld p,. = 0.71. ('I) IllI =
10:1• (h) I?(I = 10 1• (c) 1711 = 10". (d) 1711 = 10". H all = 10'. (1")
1711= 10'.
5.3 (iI) 'T'elllpel"Ht,III'(' field (0) ill Ihe cellln' of the vc'rtic,Ji lillc'z/L=0.5. (il)
TC'IIIPl'l"l,LIII'l'prolilc(O)allhl'l'cIlLI'('oflhev('I'Lil'allilll'z/l,=O,G(ild'lpL,'d
fro 11 I Dllhois,"-:- TOIIZillli, 200!!). (c) TI.'lllpC'l'iltlll'(' profilc' (0) illlhl'cell-
II'(' of Ih,' hOl'iZOlllilllill(' x/L=O. (d) '!'C'IIlIH'l"Htlll"l' prolilc' (0) ill tll('
cC'lIt("('ofth(' horizolltilllill{' x/L=O (ildilplc'd frolll Dllhois,\.: T'ollzillli.
200!))
G.·' VC'I·tic·,Ji v{'locit,I' liled (Ill) 101' l7i = I. F,. = I. 'lIld P" = 071 (iI) nll-







(h) Vc'rlicill wlocityprorilC'(I/')ilttllC'cc'lItrcoILhC'\TrticiI Ilillc'z/L=O.G('IlI'lplc'd
lrolll Dllhois,\: TOllZillli. 200!!). (c) Vc'rticill velocity prolil{' (11") ilt Ihc'
('c'lIlrl' 01 thl' horizolltilllille x/L=O. (d) Verlicill \'('Iocily prolilC' (1/')
,11 Ih{' {'C'IIII'(' olthc' horizolllal lilli' x/L=O (ildilplc'd lrolll Dllilois ,\.:
'lhllzillli.200!!) 7(;
G.u (a) Tl'lI IJl<'ra 1.111"1' profill" (11). fill" 10" :::: 1711 :::: IO~ Hi = I. V,. = I,
alld p,. = 0.71 al.l.l11' 1"('1111"<'01'1111' I'l'rl.icallilH' z/L=O.G. (il) VI'rlicill
vl'locity profill', (11'), ror 10:1 :::: !?II :::: ID~ Ni = I, Fr = I, 'I lid p,. =
0.71 al IIH'("('lll.rl'orl.hl' wrlicilllilll'z!L=O.S
G.I VI'rlil'al \"I'locit.'" lil'ld (11') for V,. = I.!?i = I. allll/',. = D.II. ('I) HII =
I()'!. (il)!?1I =)()n
G.S IloriwlIl.al \·(,Iocil.'· fil,ld (11) ror Hi = I. r,. = I, ,11111 fJ,. = 0.11
(a) !?n = IO:!, (il) nil = 10 1, (c) 1711 = 10", (d) !?II = IO(i, H I?II. = [0',
(1") Ra = ID~.
G.!) Vorlicih' lil'ld (w) ror Hi =1. F,. = I. ali<I I',. = 0.71. (a) HII = 10".
(il) !?II = 10 1. (c) !?II = 10". (d) HII = IOn H I?II = 107 . (I") Nil = IO~
S.IO 1\d'lpll'd !-\rid ror Hi = I. F,. = I alld p,. = 0.71. (a) !?II = ID:!. (il)
!?II = 10', (c) I?II = IOr.. (d) 170 = IOn (l') HII = 10'. (1") Ho = 10"
5.11 811"<-cI or PJ"(JIIdl' IHIIIII)('r Oil ll'IIIIH'I"i\IIIJ"(' fil,ld (11) ror I?o = IO(i. I?i = I
77
I!)
alld p,. = 071. (a) F,. = 02~J. (il) 1-',. = 20, (c) V,. = )()Oo. (d) 1-',. = 82
5.12 Clrl'ct. or l1ichard"oll rllllll!>l'r 011 i<'1I IJ)('ra1Ill"(' lil,ld (11) ror I?a = IO(i.
I.',. = I illld I', = D.71. (il) I?i = :3, (b) J?i = G, (c) I?i = 10
S.I:3 TIII'I'lapsl'd CPU lilll{'[S] nl.l'ach lilll{'sl.l'p'llId 1111' 11I1I1I1)('rofildapll'd
!-\rid poillts. Nisploli<'dasa rllllctiollOrsillllJlillioll I ill 1('. I. 1\ visll,i1
illSI)('cl.ioll l)('h\'I'1'1I lill'sl' h\"O ("1I1"\"I'S illdicat{'s 11,,11 ('I'll tilll('[sj I"IS 'I
lilll"lr r{'laliollship \\'ith I hI' 1I11111ill'r ori-\rid poillts..\!..
Abbreviations
UIII Urhall Ill'al Islalld
1lllh'allslalld
(TD COlllplllaliollall"llIid D,\'lIillllics






I"TCS For\\'ard ill Till\(' alld Cl'lIll'red ill Spill'l'
IJ'1'CS 13i1l'k\\'md ill Tillll'allll ('l'lll('r('d ill Spac('
1\11)DI~ 1\ lodili('d Pml ial Dirr(']"('lll ial Eqllilt.iolls
1\II\C:1\lilrk<'rillld(,('11





















I,: Characll'ristic 11'IIp,th scale














III I lIl'sos('a 1(' III('t('orolo).!,.\'. th(, stlldr oftherJllalh' dri\"{'1I ('ir('lIlaliolls has 1)('('11 'Ill ,1("-
l.ive;]J"('aofrese;U"('h for 1.11(' last ('('IJlmY,alldil.isasllhj('("\.ol·).!,J"{ 'al.illt(']"('sllo\\·("llh('1
fOJ"{'('asl<'rs, J"{'Sl'art"i1 111f'1.('orolo).!,isl.s. ail' '1l1iliil.y S("i('IJlisl.s, alld 1I11111l'rie,l! 1I1l)([l,[I('I'S
I~X<llllpll'S of IIIl'sosulle tll('rJllally dri\,(,1I IIlotioll illelllde 111(' Sf'a- alld lalld-hl"('('Zl'S dill'
lodifkJ"{'lItiallll',ilillghl'iI\"('l'IIIIIl'lalld'lIllltll('o('(',III,fol"llliilioIlOflhIlIHIf'rstorJIIS.
gnll·il.\· ('III"I"('lIt g('II('rat iOIl alld propagat iOIl, alld IIrhall Il('al. islalHI eirelllat iOlls (l'.g.
S('f' Lill,:2(07)
for("hal"il('I('rizill).!,1I01l'J"{').!,iIlH'S;for('Xalllpl('.\\·IIl'tll('raIlydrosl.i1ti("i1pproxillliltiollis
slllli('ielll 01" iI 1I01l-llydroslill.i(' IlIodf'1 IIl1lst he IIsf'd (f'.).!,. Sl'(' \larlill s.: Pil'lk('. I!)~:l)
Cl'IH'rallvsj)("lkill).!"llll'airilltheiltlllospll('J"{'is'l("oIIlPrl'ssihl('flllid,alldlll'IIl·('.lhl'
("OlllpJ"{'ssihll'forllloft.llegol'l'l"IIill).!,l'qlliil.iolls'IJ"{'1I101"l'iIpproprial.('for,JllIlllsplll'ril
IIIOdf'llillg. DII(' to the propa).!,'ll.illll of SOli lid 1I'i11'('S, t.IH' 1Ill1lleri("altillll' ill\,(').!,r;Jlillll llf
tlll'COlllpJ"{'ssihleflOll'sysl('1I1 rf'qllirf's('xlJ"{'III('h'sllIall tilll('sll'pS. It isof('1I aqllf'stioll
IOlllld(']"slalld Ihes("ales of,illllospll('ri(" ("ir("lIbJlillll. 1I'11('J"{'i111 i1pproxilllaliolllothl'
s("i1Il'sofallllOspheri(" ('irclllal.ioll, \\'h('J"{'i111 'lpproxillliJliolltO IIH'("OlllpJ"{'ssihilil\' UIII
CIIAPTEH I. INTHODlIC'TION
))(' ildopll'd III Fill id Dy 11 '11 11 ics. hHl ilpproxilllHLiollS of il COlllprl'ssibll' sl'sll'lIl iln'
COIIIIIIOII. 'I'll(' illu'lsillic ilpproxilll,Jlioll. ill which 1111' v('loci!.l· fil,ld is 1101 dinTI',('IW('
fr('('. 1)(,ltllrbs Lh(' d('lIsiL.'· fi"ld ilbolll. a sl.ill.iollmy r('f('n'llcl' si ilL,' Ihill v'lI'il'S bOlh
horiwlllillly ,\.lId ""rLicilIIv (Ogll1'il & I)hillips, 1%2). Tlu~ 130IlSsill('sq 'lppwxillliJlioll.
illll'hieh Ih(' I'l'!ucily fil,ld is ilpproxilllHll'ly dinTg('IICl' fr('('. ilSSIlIlI('S Illill Ill('dlillll',('
ill d('lIsily O(TmS dll(, 10 il dlillll',(' ill 1('llIlll'mlml'. 1)111 lI('gll'cls I hI' I'miill iOIl of d('llsih
('xc('pL ill Lll('gr;\\'ililliollal forcilll', l<'rJIIS (Spi('g('1 & Vl'Wllis. 19(;0). ell'arl.'·. OIU' IIlil.'
Ilol.bl'abl('Lolilldillllliqll('SI'l.ofparl.ialdifl'('r('IJliall'qll'l.LioIlSLlIiII.C'lIllH'solv('d
1Illl1l('ricalh' for Lh(' pmpUSl' of 1I'('illh('r for('cilslillg or projl'clilll', "Iilllilll' dlilllg('. ,\
lIlorl'sophislic'l(.('dalldsp('cificlll,lIh(,lIlilticilIIIlOd('lilS\\"('lIilSlllllll('ricidllll'lllodolol',.'·
IIIIISL \)(' ildopll'd, d('p('lIdillg 011 Ih(' sp('cific d.'·lIalllics I hat. 1I1'I'd 10 bc' IlI0d('II('d
III Lhis thl'sis. I\"(' sl,lld" th(' d('ITlopllll'1I1 of ,I ('()lIlplllilliollillllll)d('1 ror Silllldillilll',
a t,lu'rJllillly dl'ivclI circlllilLiol1 thaL ()(TllrS Ilill.lll'idly ov('r 111(' \;llll!. \Vl' also '1IIidl'ZI'
1.11(' flow r('gilll('. ill II'hich slldl il COIII(Hllilt.ioll,d II)(llll,lwOldd COIIIPIII(' ilpproxilllall'Iy
villid d.Vllillllics. Firsl prillcipl('cOIIS('I'I'aliolllall's lI'ill bl' IIs('d 10d('rin'as,,1 ofparli,d
difr('r('lIliill l'qllaliolls (PDEs) Ihal 1I11HIl'ls 'I clilss of tll('rJllalh' drivl'1I flows. 1\1110111',
1II('SOSC,J!I' Lh(Tlllal circlllaliolls, IIrllHll 111"11. islillld flows ml' of gn'aL illlpOrlillll'l' ill
glollHlwarlllilll',illldwl',JlIH'rpr('dicl.ioll,lI·h('r('aCOlllplllilt.ioll,J!llllHil'llIliI\'alsobl'
IIs('fll I lo('xplaillobSl'I'I'aliollal illforJllilt,ioll
1.1 Urban heat island circulation in a large city
III fllliddyllillllics,alhl'rJllallydriv('1Icirclllilliollisoftl'11 k11011' 11 ilsaCOIII'('ctil'I'llolI'
Th('r(' iln' 111'0 basic Iypl'sofcollv('clin' flows: (i) lI'lLmal cOllv('clioll, alld (ii) f,)rl'l'd
COI\\·('ct.ioll (l3ejilll S: f\ralls. 200:1). Thl' IIlHill difrl'n'IICl' 1)('1\\"('1'11 iI. lIillmill 'lIul a
forc"dcoll\'('cliOllli,'sillth('II)('challislllbyll'hich'lfloll'isgl'1I1'ral('d.lflll('lIlotioIIOf
CIIi\I'TI,;n I, INTnoDllcTION
th(' IllIid OCTllrs lIalllndl\'dlll' toa th('rIlIOd,l'llalllicdlilll/!;(' ill Ihc' ahS('IH'('ol'all l'xter-
lI,d 11('chalicalorh,vdl'Odyll'"l1iudaf',elt, If](' Pl'Oc(,ss is called lIatllral('OIlI'('l'Iioll,OIl
LIll'ollll'l' halld, il'Lh(' ffowilrises lllilildydllc' Loallc'xLe]']]al a/!;c'IIL,Slldl as LIll' willd 01
al'all,lh(,pl'Oc('ssisudlc'df()]'('('dC'Olll'C'c'liOII.II"ll'orc('d,'ollvc'clioll oc'cllrsdll(' loa
pn'ssll1'l'gl'adic'IILl'orc(',\\'c'c',dllhisapn'sslJr('dril'c'1I1Iml'.,\lIatllrnlc'OII\'('cliolllll;l\
alsolH'('fassifi('d as "('Olll'('clioll," allda !()I'('('(I('OIlV('ctioll as "advl'('lioll," TI]('llIost
('()IIIIIIOllllalllrn!cOIIV('('tioIlSilll'lI/!;ill('('J'illf',appficaliollsal'('1I10sllydIH'lodifl'('J'('II-
I, ia I 1I('aI, i I1 g / ('0 () I i 11 g IH' I,WC 'C ~ 11 I 11'0 vc' I'I. i('aI p Ia 1II 'S , 11' 1I i IC' LlI (, sail I(: i I I ('11 Vi1'0 I II1 H'I iI ,i1
'lpplicatiollsal'clllosLlydll('Lodifl'(,l'elltialorlocalizedh('alillg/coolill/!;!ll'l\\'('('IILlI'o
horizolll'lfpfall(,s
IIICIII'il'OlIlIlclllal SCi('IICl', tl](,1I1'hall hcal islalld (Ulf!) isa phC'1I0IlH'IIOII ('OllllllOlily
OhS('!"ITdillllH'Ll'OpofiLallar('as,wfH,!"(,th('('ityc('IILnissigllificalltlyll'a]']]I('rlh'llIiLs
SIIJ']'OIlIHlillgS (I\illl cl.,; l1aik, 2(02), F'or ('xalllplc'. Fi/!;1I1'(' 1,I(a) shm,",s 'I sll'lpsl](11 of
Lhe dOll'lIloWII an'a ill Lhc ciLI' ol'Torolllo, O\J, (:all'Hla, II1 oth('r lI'lll'ds, 10(',i1ized
heatillgoccllrs hc'I\\'('('lIlhc'('arlh'sslll'l"I('('alld allcl('I"l.l('d hOl'izolltal sllrl'aC'(', '1'11('
pIH'IIOIII('1I01l has !)('C'II d('pil'll'd sdl('III,ltic"llIy ill Fig1l1'(' 1,I(il). II'hi('h sho\\'s Ihal Ihe
('iL."'s av('rag('sllrl'acl' !.<'llqwl'allln' is higl]('st, ill LlH'dmVlllowll an',1. SIH'h a t('IIIj)('!"-
aLIlI'(' '11](llllaIl'!H'Lw('('1I Lhc IIrhall 'llld slIhllrhall iln'a, Wllidl also dC'I)('IHls OIIIII'llilll-
iz,Jtioll, is I'OIIf',hIl' ahollt IO"I"orG" C, The ill('J'('as('d t('lIqH'rntlln' illlh('doll'lItO\\'11
(i,('.. illthl'lIrilall)an'aisasso('ial('dlllaiIlIl'withlllllllilllactivili('sslH'hasilldlls(ri('s.
('OIISLI'IH'tiollol'!,llifdill/!;s.lnUISp0l'tatioll('t(', Oilsc'rvaliOllills(lldi,'siIHli('al('lllallfl('
UIII IIlily ildlll('II('(' Illc' lu('al w('all]('1' S,l'SI('111 sip;lIifi"'llllly by ill('J'('iI"ill/!; Ill(' ,I\'('nl/!;('
1I1011l,Iily l'ailll',i1I, 1,11(' I'n'qllt'llc'y ol'clolld O('('III'1'('IICC. illld fi/!;hLllill/!; (e,/!;, Ibik ('/ Ill ..
2(01)
Sill(,l'f',lohaf('llIp('nJtlln'islll('aSIII'('(filllll'hallan'as(,',.'J. 1I('al'all'lirporl).II]('
Uflf l'Il'('d also,]('('ollllls 1'01' PITdi('LioIlS ill Ifl('/!;loilaf\\"lI'IlI illgLn'lId, 1"Ort'Xillllp!<',
CIli\PTI':1l I, IN'I'BODlICTION
Yall1-\ f'! Ill. (2011) allah'zed 1II01ltldv 1I1('all sllrfal'e air tcllll)('ralllf'(' dala Sllowillg
thal UIII dfeds l'olllri1>lItc a1>olll 2·1.2% to th(' f'('1-\iollal <I\'('rag(' \\"lI'IlIillg Irelld, '1I1l1
tlll'('arly2()OOs, DII('lo tile illlportall('('ofUIII ill exalllillillgt.11('('lll'imllllwlltal dfed
011 \\'('alher, its basil' dym\lllil's ha\'(' 1)('('11 sllIdi('d sill('(' t.Il(' 1>egillllillg of Ih(' l'lsl
('('lItllry ('K S('(' Delag,(',\;'I:'<1\'lol'. 197(): ~iillo f'! Ill.. 2()OG)
1.1.1 A brief overview of urban heat island modelling
ThereisagrO\\'ill1-\sl'ielltific illt('J'('st ill tll('stlldyofUllldfel'lsdlletoitsiIJlIII('II('('OIl




ton' ('X I)('ri 1I1( '11 (s a1Ir1 111I11I('ril'iJl si 1IIIIIat iOIlS, l3a ik ,\: (' h1111 (I ~J!J7) ill \'('stiga Ied t II('
dk(,ts ofllolllillcilrily ollthc possi1>k prcl'ipitalioll l'hallgcdo\\'lIwilld oflh(' lJlllln
'1II'II\'l.il'ally soh'illg Ill(' pmhlelll of Ill(' \\'cakly 1I0ldilll'ar n'spOIIS(' ofa s(;l1>h, stratilit'd
1IIIifOl'lll flo\\' to pf'('s('J'i1>cd healillg, 11;\11,'\: llaik (2()()~) stlldi('d lIl'1>all h('at isl'llId
l'irl'lIlatioll'\lIlICOII\'('l'tioll IIsillga lill("lr Ill('oryalld a 1Ioldill("lrllllllll'ril',dIIlOdt,1
III cirl'lIlatioll. in tll(' abscII('(' of s\'noptil' Willds, has 1>cell ill\'('sligal('d 1>\' 1)('lag('
~: Taylor (1070), DII1>ois ,\:, TOllZillli (20()D) pn's('lItcd a 1>asil' ('olllJllltat iOll,JI Ihlid
dYllalllil's (CI.'D) IIIO(kl forsinlldatill1-\ a.sl('ad.\' st,JI('sohJl.ioll ofa lIa(.llr,JI CtlIl\'('('lioll
II0w thal f'('pr('s('lIls all idealiz('rI t\\'o-rlilllclIsiollal h('at islalld l'in'ldalioll
TIl('l'olllplltaliollallllorlcllillgoflll'at islallrl circlllalioll f'('llIaillsadillil'lIll as \\'('11
'IS all al'li\'(, ,1I'('a off'('S('iIITII. \iillll ('( Ill, (20()G) prO\'ided a dilll('llsiollal allalysis Ihat
idcllt ifi('s f1o\\' n'gilll(~s of a hydmslal il' illlrl I hose of 1I011-hnlmsla( i(' lilllits. I)lIhois
CIli\PTI::Il I. TN'T'HODlICTION
,\; TOllzIIlIi (2009) pl'('s"lIled all idealized lIoll-hydrostatic 1I11111<'rical IIlo,!<-1 of 11I'l)-
dillll'lIsiollal heat. islalld flo\\' thal reqllil'('s a COlllplltat.iollal dOlllaill t.haL is ,'xtn'lllely
large ill t.!ll' Ilorizolllal dil'('cLioll ill order 10 silllldaLe II0rizollLally propagal,'d cirCII-
laLioll - kllo"'lI as Lh,' horizont.al cOllv,'cLiOII. The work of DlIhois s.: Thm,alli (200!))
ill<lica(es clearly t.hal desigllillg appropriale hOlllldarv cOllditiolls alld 1I11111('rical algo-
rillllllS an' 1I0tahIP diflicldlies ill developillg 1I 1101l-hydrostatic 1I10del of II<'at isi<lIl<!
cirClIlaLioll. f\lon'oVl'r. ohst.ad('s or solid ),odi,'s ( slIch as high-ris(' hllildillgS) that
hlock air ciITlda.t.ioll ill mhall an'as, 111"'111 1.1111.1. 1I10d,'lIillg of UIII is as dilli"ldL 'IS
III'Hlcllill[.'; f1l1id-strJIcLlIl'(' illl.l'l'Hclioll prohl"IIIS or !>llIfr-),ody aerodyll'lIllics. III 'aid i-
tioll. I lwI'(' is a growillg lIecd for dl'Lailed silllldatioll of tmhlllellt. slrllcllIl'('s 'I ho\'('
11ll' UIII circlIlaLioll ill il stralifi('d "III·irolllll<'lIl. Th,' d"l'l'loplll('lIt ofa flllldalll"lIlal
1III1I1cricallllo,!c'1 01' UIII circlli<Jliollll<ls 1101. h("'1I slllliciellt,!v "X'lIl1illed. For ('X'llIlple
alllodel LhaLsilllldaLes UIII circlIlalioll ill t.!J('ciLyof'I()J'()JJlo, ON.lllay 11<'1. ,'Ir,'clively




This thesis ,'x\('ll<ls t,!ll'Colllplllaliollal atlllospheric 11I0dellillg approach 1'('('('llth' pro-
posed hy AI,III1 (201!) to lll'aL islillld circlIi<Jliolls IlI0dellillg. Thc' 11Iaill ('()IJlrihlltioll
of Lhis Lhesis iJl(·llIdl'S Lhe followillg'
• A lIoll-hydrosLaLic mlaptiVl' IlIc'sh 11I0del for heat islall<l circlllaLioll is pn'sc'lIled
• TII<' I ill 1(' slep I'('sl.riclioll dlle to adaptiV<'ly rdillPd spalialllJ('sh is addn'ss(',1.
,lIld 1I flllly illlplicil lilll" illtegralioll is sLlIdied for spacc-tilll(' adnptil·ily.
CIIAI'TI':ll I. INTHOI)l!e'TION
• 1\ 1111 lit i-~(';II,' al!-\orit hili I'or ~oh-ill!-\ tile 1I01l1ill,'ar algebraic S,\'~I"1I1 Ihl<' 10 illl-
plicit, I illl<' illl<'!-\rat iOIl i~ proposed ,111(1 \'('rilied
• The propos('d IlIodl,1 i~ v('I'ilil'd \\'illl pl'l'viollsly pllbli~ll<'d IWlldllll"rk ~illllll,1I i011
ol'l'or('I'd COllv('ct.ioll, lIallmll l'OllvcCtiol1. alld id('"lized Ileal islalld flows,
111 Chapt,'r 2, \\'1' PI'l'~"lIt " III"t 11('111,,1 i(',,1 1I10d('1 ill ",hicb t 11<' d"II~it,\' \'''rial iOIl
o('cllrs III"illh' dll" to 1"lIlpl'ratlll'l' variatioll wllidl ("111 reprC'~(,IIt. hl"11 isl"lId ('il'l'IILI-
t.iOII "d('qll"t.('ly, 1'11<' SI't. ol'parli,d dill'l'I'l'llli",1 ('qll"t.iolls (I'DE) is d"ri""d 1'1'0111 firsl
prill('ipl,'s alld has I,ll,' 1'01'111 Ih,,1 is ,'OIIIlIIOlrlV IISI'd ill ClcD Illod('ls. 110\\'('\'1'1', t.Ilis
1'01'lIlol'lhl'l'qllal,iollsisllol'lllallvllolllsedtor(,pl'l's('lItcirclIl"liollsillllll'"llIlOspll<'I'l'
1'11<' \'"Iidil\' ol'thl's('gol'l'rllillgl'qllatiolls isstlldied as \\'(,11.111 (,h"pl<'r:3,lh,' tilll<'
illl('!-\rnt.ioll 1'01' '111 adapt i"" 1IIIIIt i-s('",," 1I11111('rical III<,thodolo!-\,\' i~ dis('lIss('d bril'fh
This 1I11111<'rical Illod('1 is vC'rili"d ill Chnpll'r ,11)\, I'olllpmillg; 11I11I1('ri(,'ll SilllllLlliol1
reslllls \\'ith pl'l'\'iollsly pllblish"d 1J('lll'hlllmk sillllllnlioll~, 111 Cllaplc'l' G, n h('al i~i<J11<1
('ir('lIl,lI iOIl is sillllllnl('d, ",b(,I'l , Ill<' efl'('l'! or variolls 1I01l-dillll'lISiollal p;lrnlll<'tns i~





figure 1.1 (a) A snapshot of downtown Toronto, showing the city cenler with high-




This chapll'r prcsl'lIls the had,~rolllld alld Ill(' I-\('I]('ral g()\'l'rnillg eqllatiolls of tll('r-
IIlall,l' drivell flows, The l'qllalioll ofLll('rlllallv drivell flows ill IIt('allllospl]('rl' isa
sl'l ol'pml.ial difl'(']'clilial ('qllil,l.ioIIS (PDE) gowrlled hy 1,I](,l'OIISl'I'I'ill.iolllill\'sOl'lllilsS,
111011]('11111111 alld ('lIergy, 1100\'l'\'el'. \\'(' I\eed SOil 1(' hasic ilSSlllllpliollS 1.0 ~l't il silll-
plifil'd IIlatl]('IIIHliud Illo(kl of Ill(' fll)\\', Thl' gO\,('1'lIillg .'qllaliolls arc ('Oll\'('rled to
dilll('llsioll!ess fOrJllln' dloosillg sllilahll' dlal'i\('lerislic scales
2.1 Background
TI](, air II()\\, ill Ihl' l'mllt's al\1\ospll('n' cOlIslitllll'S a l'olllpn'ssihle 1:llIid J)\'llalllics
sysl('1I1. ilIld tltl' I'lIl1y ('olllpn'ssihll' se!. of governillg l'qllatiolls call II(' dl'ri\'('d fro 11 I
first prillcipksor l'OIISl'lyaliolllillVS, 1IIIIIisdlilVlcr, Wl' Ila\'l' adopl.r'd all appmxilllil-
t.ioll 10 I.Ill' hasic l'qllaliolls of a l'olllpn'ssihll' flow, III 0111' dl'rivalioll, III('J'(' i\]'l' I\\'()
1'1I1](lalll('lIlalprillciples, j.'irst.,lhl'l'f1'l'l'tofllloh'lIlar\'iscosil.yha.sIH'l'lIlleglecil'dl)('-
callsl' lite scall' ol'viscoIIs ('[fl'('1 is IlIlIdl sllIaller I Ita 11 lite resol\'('d scall', Sl'COlIl!. Ill('
ilSSlll1lptioll islltal il flll('(,lIillioll illlll('dl'lIsily fil,ld O(Tllrsdl](' 10 lite t.hlTlllid efl'ecl
(:11/11''1'1':1< 2. I\J/I'I'III,~II\'I'IC:/lL I\IODI::L
ilS oppos('d 10111(' eff('cl ofpr(,ssllr(,. III 111(' 11ItllT CilSI'. 11 flllh' COIlIfU'('ssihll' 111()11<-1 is
II<'('d('d. II0w('v('r. ill 1111' fOrlll<'rClISI' (11I1'rlllill ('II"<-cl). Ill<'cOlIsI'n'illiolllllws 1(1I'IIIi1SS
11 lid 1110111('111.11111 lak(,lIl1approxillllll.('forlll. \\·ll<'n'1.1I('dl'lIs il.\'vilriill.iollisc(lIlll1ill('dill
1.I11'foJ"(·illgl.l'rIIISilSSociill('d with I.Il('mrl.ll'si!,r1l.Vil.itliolllll li('ld. 1lIlll<'sllIdvoflll<'r-
111<11 cOllvl'clioll prohl('1I1S ill ('1.'1) lIpplicllliollS of ('lIgill('('rillg ill(I'n'sls. Illis lIppl"<><ldl
iscollllllolllykIl0\\·IIi1s11I1'130Ilssill('sqilpproilc1I.110I\"('\"('r.illt1ll'fil'ldofllllllospll('ric
III0d('lIillg. Ih(' lIpproxilllil(I' COIISI'I"I'lIliOII of III1ISS 11Ikl'S (wo fOrI liS. III 0111' fOrIlI. 1111'
dl'11Sit.vfi('ldisIH'rl.lll·lH'dov('rll.,lowlyvlIryillghll.'I'sl.al(',wllichiskll(l\\'lIl1sl.Il<'
1I11('lilSlic ilpproxilllill.ioll (I'.g. Ogllm &. P1Iillips. I~G2). III Ih(' ol.h('r fOrIlI. 1111' dl'lIsitl
fi('ld is p('r(llrlH'd o\"('rllhlls('slal1'slIc1I 11Iilllhl'llIl1SSCOIIS('n',lIioll isn'pn'sl'IIII'd 1)\
11 \"(,Iocil,l' fi('ld 11IilI is ilpproXilllil('ly dil'I'I'i!,I'II('(' fn'I'. tlllIt1l1'1I111I.iclIlh·. Ihis fOrIlI is
silllilar (0 1.I1(,c!ilssicilI110Ilssill<'sq ilpproxilllillioll. i\ lilOI'(' d('lailcd disClIssioll IIsillg
11. forlllal dillll'11Sioll1l.11IlIa.lysis of 1.11<' COlIsI'rvill.ioll Imvs is giVI'11 hv l'il'lkl' (2002)
2.2 An approximation to the conservation law of
nlass
T1I(,COIISI'I'I'ill.iolloflllllSS forilcolllpr('ssihl(' floll' iSI'xpr('ss('dhyI1l1'pllr(illldilfl'n'ltliill
('qlllllioll.
¥ff+\1' (flU) =0.
11·11('l'l'1.L is 1.11<' v('locity. (I is 1.111' dl'lIsil.y illld I is 1.11(' I.illl('
(2.1)
'1'111' fldlycolllpn'ssih1<- fOrIlI (2.1) ofl.lll'colIsI'rvalioll OflllilSS iIJlrodll('('sa lllllld'l'l
ofdillil'lIl1il'S\\'1I1'1I\\'I'lIdopI1l1l11l1l1'1'icilIIlIOdl'llillgllpprollc1I. \\,iI1lolllprOl'idillgll
dl'(ilil('d disClIssioll Of'l cOlllpn'ssihll'IIIIH!I'! oflll('illlllospll('n'. \\'1' \\'ill 11 10 si 11".1' all
approxiIIl1l11'forlllofI1l1'llIilSSCOlIs('1'valioll.w1l('r('dl'lIsilyiSlIol iICOIIS(illIl.hlll a
CIIAPTI·:n 2. l\IATIIE~Ii\TICi\L l\IODEL 10
chall~(' ill dellsily (H"("llrs dlle 10 1.11(' dlilll~(' ill 1('III!H'ralm(' !\s ('xplailled ill I\lllldll
c\:C'Oh('1I (200').sllchHllapproxilllalioll is of! ('11 klloll'lIaslll<' 11011ssill<'sqapprox-
illlill.iOl1. alld is IIsl'd ('OIIIIIlOlilv ill tll(' sl.lldy of I.hl'rlllal COIII·('cl.ioll (l'.~. Spit'~('1 .\:
Verollis.I!)('O)
Firsl. \1'(' 1101(' Illal. illlrodllCill1-\ Ill<' 1I0lalioll




Eqllatioll (2.:2) slal('sthallh(' fractiollal raleofchall1-\('illlll<'d('lIsih' lil'ld. 7,-. is
('qll,d illllla1-\llil.lld(, 1.0 Ihl'din'r1-\('I\('(' oft.ll(· 1'('locily fi(·ld. This III("IIIS Illal ifth(·
d('llsiLI' [i('ld I'aril's ollly slowly; i.(·.,I~!}£1 «I, t.Il(~ Vl'lo('iLy lidd is approxilllillt'lv[101
dil'('r~(,lIc(' 1'1'('('. \\'(. (',Ill also S('(' thal Ihl' dil'('r1-\CIICl' of 11t(, 1'('lo('ih' fi(,ld 'Il"("Ollllls
forlh('fraclioIlHlra!<'of('xpallsiollofalllalerial\'oItIlIH'off1l1id. 111 Ill(' sllld\' of





II'hl're p('rlllrhatioll allah·sl's at'(· ofil'1I dOlI(' IIsill1-\ Ill(' specific \'0111111(', V. illsil'ad 01
11t(' d('lIsily field. [I (Pil'lkl'. 2(02). 1·'ollo\l·ill1-\ l3aldlelor (2000) alld repli\('ill1-\ V for fI






E:qlliiliolls (2.2) '1IId (2.3) sllo\l'lllal Illl' fracl.iollal rat(·ofdlilll1-\('ofd('lIsily. alld
Ilt'lI of I'ollllll(' CXp'llISioll ofalll'II('riaf ('1('111('11101' fltlids '11'(' ('qll,d ill IIla1-\lIillll!('
'To prnl'l'l'd f1ll'thl'r, Id liS 110\\' ('ollsidl'r a dillu'llsiollal ,lIlah'sis of l'«lliltioll (2,2),
>llIdlls('physi('alpropl'rlil'softII('IO\I'(T>ltlllosph('I'(,to\'('rifvtll>ltlll('l'OIISl'r\',lIioll
of III>1SS ('>1111)(' l'('pl'('Sl'IILC'd 1)\' I.Ill' div('rgC'lu',' free \'l'lo('ilv lil,ld, \\'e ,ISSIIIII(' Ih>lL U
>llId L ,11'(' <'Ililr>l('il'risl,i(' s(,>llcs for 111(' \Tlo('ih' >llld l.Iu' Icllglll l'('sl)('('li\'('ly, '"ld Ih'll
Ilu'llorizOIltills(',lleof('iITIII>ltioll is 11111('11 larg(TIII<III tile v('J'ti('>l1 s('>lI('of('iITlllillioll
This IIll',lIlS that Ill(' II0rizolltal gr>ldil'lIts ofsplTifi(' \'ohllll(' aI'(' IIcgligihlc ('OlllpillHI
1.0 iLs vcrli('al gl'ildi('lIt, !\s('xpl>lillcd ill Pielke (20ll2), I hI' 1('IIIIHmll \'arialioll ill 111('
b'lsicsL>lLl'ofl.lll'Spc('ifi('vollllll('('allalsol)('lIcgl('l'i.,'dilldilll('lIsi(lIl<lIl'('>lsollillg
Usillg a typi(,>l1 s('all' 6.(1 for tll" dClIsilv perLllrbaLioll, 11'(' ('all \\Titl'
111'11(,('
~ ~ = -116.'1',
(I
\\'lIcrefJiskIlO\\'Ilasthetlll'l'IIlall'XIl<llIsioll('(wfli('il'III,alld6.7'is tile 1('IIIJH'r'ltl1l'e
pcrt 111'1);\1 iOIl ('OIT('SPOlldillg 10 tile dl'lIsity pl'rtllrhatioll 6.(1, Thc I>lst 1'«II>1lil,\' Sll'llIS
1'1'0111 Lh('>lsslllllptiolllh>ll il ('hallgl' ill d('lIsiLv is Ill(' resllll 01'>1 <'I1>llIgl' ill LI'IIIJHTalllJ'('
III Llll' lowcr allllosplll'I'(', l.Iu' Llu'rllall'Xp'"ISioll ('odli('ielll, /1 is 0(10 :I 1,-1)
CI('ilrly, '11('lIlp('r,1I111'l'diffl'I'('II(,I'6.7'~III I( 111<1\' illtrodll('('Ollly >I SI 11>1 11 fril('liollof
d('lIsit\'\'ilriatiollbl'('aIlS('
ObservaLioll of l.IuTIII(HlylHlIlli(' prop('ltil'S of 1.I1l' dry >lLlllospll('l'(: illdi(',lI('s 111,11, ,11
>lILiLlldl'slliglu'rl,II<III'lhoIIL8klll,l.Ill'a.l)OV('l'sLilllaL('isfllllyviolalc,l.lIsillgdilll('II-
sioll>ll >l1I>llysis. Piclk<' (2002) showed Lhat Ill(' fr>ll'!iollal 1',11(' of ('hallg(' of \'OIIlIIU'
cxpallsiollislll'gligibll'ifth('\'('rlicals('alC'.I,.of('ir('lIlaliollislllll('hslll>llll'rlll;llIlhl'
dl'lIsily s("lIe heighl, I',ff. 8 kill, III Slid I >I ('iITllIlIst,III(,(', 1111' di\'('rg"II('(' 1'1'('(' \'('Io('ih
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field n'pn's('lIls (.11(' COIIS('ITatiollof IIlass slIfliciell(.I" 'llTllralely. 1"11('1"<' tll(' Illa;.\lIillld('
of 111(' fme! iOllal dlalll-\(' of dellsily, ~%; alld fracl iOllid dlallg(' of H111I1I1('. f % is I'('rl
SIII<III ill COlllPill'isOlltO UI('lIla1-\lIillld('ofl.lll'vclucily gradi('III. \7·u. III ollll'r \\"(mls
a Illllller ica 1 III0dcl ca 11 I)l' cl (~VC' lop('d by rep!;H" i 11 1-\ ('q IIaI iOil (2 .2) 11' i I 11 eq IIi11 i. III (2. ' I )
V"u=O (:2.1)
\\'('also 1101(' IlIal if L=O(8klll). e<!lIalioll (:2 .. 1) lllllSI 11(' l"<'p!;I('('d II'illl ils'III<'lasli(
I'm11 I ('.p;. Oglll'il &. Pllillips, 19G:2: Pielke, 2(02). TIll' 'lppIOXilllill(' ('()IISel'l',i.lioll 01
Illass(2.'1) is('Ollllll<llIlylls('dilllll('sllldyol'lIl('soscaklll('I('oJ'()logicalpll('lIolll('lIa (".;.\
i'ielk('. 2002: Lill. 200?: Alalll,\: Lill. 2001'\; A!;III1. 2(11). I·'or 11I111ll'ricallllod('lIill;.\ of
IIlass COIISl'I'I'alioll ill IlIenllall.l· dril'<'ll flows slIcll as 1I('al islalld circlllalioll. I Ill' llS('
ol'('<!lIill,iOII (2 .. 1) is approprial.<' 1>,,(,,\.110(' I Ill' vertic'll scak 01' I.Ilis circlllalioll is 11111<'11
slllaller Ulilllthed('lIsity scal(' Ill'igllt 01' Ule a(.IIHISpll('n' ('.1-\. Niillo dill., 20()(;)
2.3 Approximate conservation law for momentum
transfer
C'orl"<'spulldilll-\ to Ihe 'lpplOXilll'lle Illaos COIIS('ITatioll lilIl' for Ill('soscak allllospll<'ri(
circlllatiolls,ll'('lIeedlool>laillallapplOxilllaliolllo(.ll('flllldaIIH'lIlaIIlIOIlI<'11111III
COlIs('rl'alioll lilIl·. III I'cclor I'onll, Ih(' 1I101lH'1I111111 COlIs('I'I'alioll law ill 111(' at 11 lospl 1<'1"<'
llsilll-\ a lIoll-rolalilll-\ fralll(' ol'l"<'l'el"<'ll<'c is l-\il'CII by
(Iq;; = - \7 (i + V' .U- fig,
11·11('1"<' (I is till' pn'SSlll"<' alld u is I h(' del'ialoric sll"<'ss i<'lIsor ('x('rl,'d ill a IIlal('rial 1'01-
lllll('orp;uTelol'f1llid (1\lIllllll,\: ('oh('11.2008). 11('rc,III<'<'Il'<-cl Oflllo!<-<'lIlarl'iscosil\'
is cOlltaillcd ill Ih(' div('rW'lll'(' Inlll V', u. i\lokclllar illl('l'ildiollS O(Tllr al a SllIall
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kllglh scal(' Ihal call1lot IH' resolvl'd ill a 1I11111eriud IlIodel Idll'll Ill(' ch<lr<lcll'rislic
II'II/!;Ih scal<' of 111(' circlllat.ioll is ill t.he order of kilollll't.n's. 1II'IIce till' sln'ss Il'rllI
V·a- is Il0rlll<llt.y ITIIIOV(,d fro 11 I till' IIIOIIII'IIt.lllIll'qll<llioll (2.G)
C'OIlIIlIOllh·. '111 <lpproxilllalioll 101111' IIIOIIII'IIt.1I111 COIIS('r\'alioll (:2.S) is oht<lill('c1
hy cOlIsilkrillg all a\'('rage circlllalioll so th<ll Ihe floll' is n'soil'I'd lip 10 a (,l'rt<lill
sC<lle. '1IId thl' ('[r('cts oft.h(' floll's at sllIallers('all's an'IIIIH!elll'd. This (,OII('I'pt. is Ill('
prill('ipalasslllllpliolllhalisIlSl'dillllll'ril'ldofatlllospll(·rieIlIlHII·lIillg.llo\\·('v('r.tlll'
a('I.II,dprocI'ssof<lvI'ragillgdirrl'rsilldirrcl'(:III.<lpplic,iliOilS. III i,!ll'pl·I'sl'lIl.lI'mk,\\T
IIS(' t.his fllll<l'lIl1clllal <lpproacll 10 dl'ri\'(' <I IllIldcllhal. ITpn'S('1I1s 1.111' cirl'ld<llioll fOI
a rall/!;" of fl'II/!;lh scal('s. Let. liS ,'ollsidcr t.11l' pert.llrh<lt.ioll
'u=uo+u'+u",








aSyllopt.ies(,'lfl'v'lhll'. v.' is <I resolvahfl'slllidl scafl' pl'rlll rh<lliolllll<lt(,o\,('I'ss(',d('s
slll1tlll'r Ih'llIllll'syllopli('s('akl>llllar/!;er Ihalllhl's('akthal C<lIIlIOII)('!'l'sol\'(·d ill a
1I11111cric,d IIHHkl. 'IIHI 1£" is a slll<llkr scak perlllrh<ltioll. \\'illl 1£0 I)('illg a s\'lIopli('
n'solvl'd ill thl' IIlIIII('rical IIlodel. 1·'lIrl.II('rlllme. Ihe 1I1('all of u = n illld n" = ()
S\'lllholi('alil' (v.) = u, (u") =0.
\VII('II 11'1' sllhslilllte eqllatioll (2. ') illtO till' 11101111'11111111 ('OIlSI'r\'iltioll 11111' (:2.;,),
11·III're 1111' 1I111kclI!;lr I'is('osily tlTllI V·a- 1I'Is I>eell n'III01'l'd, illldcolIsider thl'iI\'('ril!'.I'
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or 11I1'all cOIIsI'r",lI,iolllm\', i,l', ((''1/1o/iol/ (:2,!l)), Ih" 1I01lIilll'aradH'cliollll'l'I11 lak,'s
Ihl' 1'0 I'll I
(u, Vu) = 'U ' Vu + flu, V'u" u", Vu"),
\\'11('1'(' f isallllllkllOWIIIIOlllilll'ar fllllcliolllhal. l'('pn'sl'lIls 1111,('11'('1'101'1111' III 11'1 '';0h'('d
p('rlllrhalioll u". \\'itholll lo,;s of W'Ill'ralily, 11'(' ('all lak,' f = V, U, \\'hl'I'(' U is all
IIl1kllOl\'1I \'('ctor I'allll'd fllllclioll, '1'111"', Ill(' 111I'i111 1110111"11111111 (''I",lIiol 1'('f;lil'" il,;
origillill 1'01'111 (2,G) lI'ilhall'rlllV'ul!J;lI 11<'I'ds 10 lH'dl'I(,l'Il1illl'd(l'ord('(;lils,,;{',,
III N('wlolliall Fhlid D\'Ilallli('s, 1.111' ,;In'ss 1('lIsor i,; lilll'ar!." proporliollalltl Ill(' \'1'-
10cil."gmdi('llllellsor,'llIdtlll'colIslalll ofllroporliOllalily'J('collIllsforllll'codlicielll
oflll01l'clllnrviscosily, This 1.11('01',1'1"111 hl'I",,'d lotlhlaillilll od-IIo/'IIIIHI,'1 foru, 1\';
(\1'slTihl'd ill Lill (:2007) a,; 11'('11 'IS ill 1\11111111 S,: COlll'lI (2008), illsll"ld tlf Itlokillg ,Il
1.1'I'lIloll'('lIlarilll.,'ra<tiulI,II'I'(,oll,;id,'rl.hl'il)Lt'l'iIctiu11 IH'I \\'1'1'11 pnrcI'I,;tlfrlllid Ilill'i)lg
\'orlicalcirclllal.ioll; I.ll('s('pm('(,l,;offlllid ,Jr('oft('lIcalledl'ddil's, III thi';I"I';I', Ill<'
cOlIslall1 ofproporliollidih' i1tTOlIlIls for Ihl' illlel'ildiolllH'I\\'I'I'11 eddies, alld is k 11011'1 I
as Ih('I'ddy \'iscosilycodlicil'lIl .. III prillcipll" Illis'lpproadl I'al('ldall'soll!." III1'StlSI'all'
eddies, alld 1.111'dl'ecl. of Sill aliI'!' l'ddil'S isapproxilllal.l'd will) all rul-/IIJ(' eddy viscosilv
1I)llIlel 'l'hl' 1'0",'I.a 11 I eddy visctlsily lI)ud,,1 l'('sldls ill
\\'h,'n' jllp slallds for Ihl' codlicil'lIl of I'dl!." \'i,;cosily, which has a dillll'lIsioll III~S I
Ihal i,; Ihl'sallll' as Ih" dillll'IISioll tlfkilll'lIlillic \'is('o,;il\', 111'1'(' U i,; liSI'd ill,;II"ld tlf'u,
for ,;illlplicih', Thl' I.ypical slIggI',;ted vallll' for a v('l'l.ical ('dl!." viscosily (,(H'llicil'lIl i,;
10 III~S-I, \\'hich is 111111'11 largl'r Illall I II(' \'allll' of killl'lIlill ic \'isctl,;il." 10-1' 1I1~'; I




( f/) Utt I fl l ( f
i )1+- -=--V'/I+-V'tt- 1+- .fJ{lo f)f {lo (lo flo (:2'1)
Let /1 = p(z) + p'(x.I), \\,11('1'(' 11 is Ill(' hydros"J1 i(' PI"< 'ss 11 1"<' i1l1d p' is IIIl' 11011-
bydros"J1i(' pl"<'SSIIr<'. I\pplyillg 11\'drostillic billilllC('
(:210)
i1l1dsllbtraclill!!;I'qllalioll (2.10) frollll'qllalioll (2.0) l'I'sllltsi IIL1'C'IIIOllIl'lllllIlll'Oll-
s('rnlliolllml' fora 1I01l-hydros"lti(' ('ir('II!;ltioll.
As pl"<'sc'llLl'd ill Sectioll :2.2, LlI(' fracliolla] dlall!!;C' ill IIIl' dC'lIsity lil,ld is !!;il"l'lI b\
I~I = 0(10-1 ) « I: ('I('mlv. Ihl' d('lIsilv \'miiltioll IlIak('s iI Slllilll COIT('clioll 10 Ill<'
ill('rtiil Ic'rlll. This IlIc'allS thal ~!fif is iI lI('gli!!;ibl<- C'OITC,(,tioll of!fif dill' to dC'lIsit\·
chall!!;(' alld ('ill I 1)(' IIC'!!;!('('«'d
11('IWl'.
(:2.12)
Thl' 11 1011H'II I 11111 ('Olls('rnl(,ioll law for IlI0dc'lIillg 11H'1'I11i1l1v drivc'lI 1I00\'s ill iI 11011-
rotalill)..\ frillll(' is!!;il"l'lI by ('qllatioll (2,12), Thisdc'riviltioll ('Xplilills \\'h\' tll('dc'lIsity
\'i1ri'1tioll is 1I(')..\lc'c«'d ('\'l'r\'\vll('I"<' c'xc('p(, al II,c' gnl\'itil(,iolla! fOl"<'illg 1('1'111
2.4 Conservation of Energy
Thc' prilwil,l(' for th('COIIS('I'\'iltioll of ('llc'rg\' isc,!,taill<'cl frollllll(' lirst bl\v (11'111('1'111(1-
dYllamics. The('lIer!!;vcolIsc'rviI(,iolllil\visr('dJl('('(1 (,oillladn'ctioll-dirfIlSiolll'Cpliltioll
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1'01"111(' I ('IlIIH'I"al 111"(', I 1(lII'('\"('I" , Ih(' poll'llliall('IIlIl<'ralml'1I istlf(' Illosl appropri'll<'
l!lIillllih'lodl's<Tihl'I('II!JH'ralml'illlll('aIIlIOSphl'H', 1'11<' pol('lIliall('II!JH'rallll"('of'l
1IIIidp'II'('(·lisUIl'll'lllpl'ralmclllallll('flllidpar(,l'III'olildaC(!Ilirl'ifil IVl'rl'hrollglll
;l<liaiJalically Loa stalldard prl'ssm,', 1\1111(111.1; Coll<'lI (200K) 'l.Ild Pi(,lk,' (:200:2) lfil\'"
arliclllal,'d,il-lailsollho\\'all"l!llilliollforlll('pu["llliilll('II!JI('rallll"('(';lIlhl'd,'ri\'('d
frolllhrsllh,'prillcipl,', Till' I1l"iI 11 l'1Il'rg.l' cOlIs('rval,ioll la\\' is ('xprl'ssl'd h.l'llf('pmliill
dilkrl'lltial l'qllalioll,
iJlI,JI + n, 'VII = h'V-II,
\\'hl'rl' h' is Ill(' 1II('I'IIIal dilfllsivily ill Ihl' S('IlS(' of all eddy \'iscosily 111<1(1(,1
(2,13)
Sllppose a 1<'111) H'I"a I Ill"(' pl'rlmiJalioll, 11 = Oil + 0(:) + O'(x,/), \\'h"H' Oil is Ill"
iJilckgrolllld 1('II!JH'riltIlH" 0(:) is Ill(' \','rli('al IllIl'IlIalioll illl(l 0' is Ih(' Illll'lllilli'"1 (liTI
UIl' hackgrnlllld I ('llIlwral lire, 'I'll(' tl'llIperntllH' pl'rllll'lmtioll 11' "all ht, l'xplTssl'd ill
1,'rlllsofUI('dl'llsityp('rtlll'iJalioll/l'llsillgl,II,'ideillgilslaIV,





\\'11<'1'<' Cl' is UI<' SIH'cific hl'at al ,'ollslallt pH'SSlll'<' illld C" is Ih,' sp,'cilic 11<',11 al
"OllSt'IIIt 1'0111111<', 1\sslllllillg I~I« I, Ill,' 1'<'lati'"1 l)('tlV""11 dellsit,\' pl'rl 111'1,,11 i011 1/
alld 1c'Il!JwratIlH'IH'I"tllrhalioll 0' is gin'll 1>\,
p' 0'
p:,~-~ (:2,1;')
I11 I Ill' fi,'ld of;lIlllospll<'ric 1I10d,'lIillg, l'l!llalioll (2,IS ) ,'ollpl,'s Ill(' 1l101l1l'11111l1I l'l!lfil-
tiOl1 (2,12) \\'illl th("'Ill'rgYl'l!lliltioll (2,IG), Witllolllgoillgilllolll<'llfillll<'IIl'lli(,ill
delails, 11'" call l'xpn'ss UI(' ('IINg\' COlIs"l'\'atioll 1il\I' ill I"I'IIIS of Ihl' pl'rlmlH'd 1"111-
pl'r;II.IIH' 0' 1)\'
(2,1(;)
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III t.his thl'sis, 1"(' willlls",'qllatioll (2.1-1) 10 IlIod"l {'lIl'l'~,\' COlIsf'\yat.ioll la\\' ill tnlllS
of pl'rtmhatioll potl'lJliall{'lIlpl'mtml' 0'
2.5 Governing equations of thermally driven flows
The i\0\'('rJIill~ efIllatiollS for a Ihn,,'-dilll{'lIsiollal tlll'r1l1ally dri\"'1I flllw, rl'pn's('lIlill~
a dry at.lllosphere at. 1I1('soscal,' IISill~ a lIoll-rotat.ill~ fmllll' 01' rl'f,'n'IICl', an' ~i\'('ll by
t.heeqllill.iolls (2.,1), (2.12), (2.IS) alld (2.1(;). TheSl'cqllal.iollSCilll bl'wriLl"1I ill till'
scalarl'olllpoll{'lIlfllrlll,whcn't.h('prillle(')illldt.h('ovnhar( )hil\'l'hl'{'lIdroppl'd
forsilllplicity,
0111 D'.(I iJ/II iJ/II I O/i (iJC.' III iP. //I J"/II) 0i5t+ II Y;+(li5lj+w7);=-;'ik:+ IJ i);2+i5lj2+i);! +~(J,







flllid dl'lISily,IJ= f,;; is t.hccolIst.aIlLl'ddv visl'osity illlh,' pn'Sl'lIt. 1I10dl'1. ill"I/ is th"
('{)lIst.allttherlllaldirfllsi\·ity
For thl' p"rposl' of dl'v('lopill~ a ~l'lIl'ral 1I111111'ril'al IIIlHI('1 thal \\'CHild sillllilai<'
dilkrl'lIt. flows, let. liS dl'fille lIH'dillll'lIsiolll,'ss fOrlll oft.hl'~ovl'rJIill1!,l'qllillillIIS
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2.6 Dimensionless governing equations
1::-1
ICor 11I1llI('rical SOllllioll, Ille dilll<'llsiOIlI('ss forlll of 111(' go\'('rllillg 1'ljllilliollS of 1IIIid
111)\\' is v('ry illlJ)()ltillll., After Illilkillg 1.11(' l'qllill.iollS dilll('llsiolll('ss \1'1' Ohl.ilill SOIII('
dill1l'llsiollll'ssparallll'tl'l"slilill.'Jr('illsov('rvilllporlillll.forlill'I'xplilll,diollofllo\l
r('gillll's, Ill<' illlpmlilll("l' oftil(' difl'('r('lIl fcrJIlS illId tll(' ('Ikcl ofil !!.i\'('1l 11011'. '1'11('1"1'
ml'solll('prop('rtiesoflill'lIlliddyll'llllicssysl(,lIlli1'11 call lH'ohsl'I"\'('(1 wililolll soh'ill!!.
1.111' SYSt<'1l1 of ('qllid,iollS hy illlillvzillg dilll('llSioltll'SS pnmllll'II'l"S ollh'
INI,lJaV(,1I011-dillll'llsioll,Jiiz('t/ I.Ilegovl'rllillgl'ljll'll.iollshyllsillgnpl'roprinll'se,Ji('s
for IIJI' dl'I)('lldelll 'lilt/ illt/(,pl'Ilt/('lIt \'ilri'lhl('s, for n lIntllml cOIl\'('I'lioll 11011', 1111'
l(,lIgtlJ seal" is L. alld Iile tilll<' seall' is Lll!, \\'itl'r(' l! = .jIJJTjSJi is til(' \'('ItH'il\
SI"lll',!:i.O is a SCilil' I'm til(' t('IIlI)('I",l1l1l'1'. alld d is I ill' 1III'I'I1lnl ,'xpnllsioll l'I)('lIiei(,1l1




\\'111'1'(' til(' lIolldilll('llsiollnl pilr'llll('tl'l'S. [(a. ai. Pr illId 1-'1' nl'l' t/l'fill('d ill Tnhll' 2,2
ThenhO\'('svsll'lllofeqllntiolls\\'illlH'lIs('d ill I.Ilisllll'sistol'l'pl'l'SI'lIt 1IIiltlll'1IIidi-
enllvnllnlllmll'Oll\'I'I'l.iollllll\\',IItl\\'('vl'r,illlsillIlJiatl'dllowslilalill'l'presl'lIl('t/illtllis
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Ih('sisal"('apl,roxilllat('h"IIHHlilllc'lIsiOllal. allclll('II{"('IIII'('!li'c\ oftlll'Sl,atial ll('ri\';\-
t.il'(' ~ has !>('ellllq..;lcclec! II'lll'j"('appropl·iall'. III orc!er losolq' tlll's('c'qllaliolls.
\\"{'IIIIISt.COIISic!('J";lppropriat.(,!>ollllllnrvcollditioIlSal\(lillitialcolldit.iolls.Sillc('L1l('s('












Ta!>Il'2.!: Scalcsoft.II<'dcp('IIc!('III,alld illd"IH'I\(I"1I1 vmial>lc'
PHnllllC'tcrs lIi\lII(' I)dillilioll DilllC'llSiOlI
Havl('igh 1111 11 II)('r. Ha JH;~:~().fj 0(1)
Hidl1l.rdsolllllllld)('r. I\i ~y 0(1)
I)ralldtllllllll!>('r. PI 0(1)
FI"(JlIc!e 1I111111)('r, FI t:N 0(1)
13110'yHlICI' fl"('q1 IC'II("\·. N litYf; 0(,,-1)
Ta!>lc2.2: I)c'fillitioll ofdillll'lIsiollaf '"ld dillll'lIsiOIlIl'SS p'lI"IIll('I,'rs




IIIOIlH'IlIIIlIl, alld ('IIl'rgy I'or tll('r11lalh- driv('1I 1I001'S ill Ill(' allllospll('\'(', \\'(' ha\'(' also
p\'('S('III('d IIH' scaks 0I'd('IH'II(1<-1I1 alld illd('IH'lId('1I1 1"Iri'lhks, '1IId Ill(' diIIH'lIsiolll('ss
I'OI'lII 01' th(' gOl'('rIIillg ('qllaliolls 01' IIH'l'lllally dril'('ll 1I001'S,




Illord,'r losolvcas\'sl"11I ofjlarlial difr"r1'lIliall'qllaliollsIIIIIIH'ricalh-. \\'t' hil\'('lo
d('riv,' a diS<T('1<' SYSt.<'1I1 of Ih(, ~iV('11 cOlllillllOllS ('qllaliolls. i\ SySI('11I of jlro~lIoslic
l'qmlLiolls (/\Ialll & Lill, 2008; 1\1;1111, 2(11) dl'S<Tihill~a Ih(,r1l1ally ror('('d floll' ('1111 1)('
COlIlJlilclh' IITilll'l1 liS
ihP7iI +u· \1'IjJ = R.
11'IJ('rcu is Lhl'd-dillll'lIsiollal \'('Iocii.'· H'ctor. 'IjJ isa I,,'('tor of I) (p ~ d) slal., l'i1riill>l('s
illclIHlill[!;IL, i1l1d R= 17(',') iS11 1'('('lor 111111 r('jlrl'sl'IILsall ror('I'salld SOIIITI'II'r1IIS
l~qllaLioll (:1.1) is a ('ullljla('L ITjll'I'sl'lllaLioll ofLIu:cOIISI'I'VllliulllillI'S 1.11111 \\'t'ITsllldi('d
ill ('hajlt('l' 2, Th(, I'('clors u. 1/) alld R (';1111)(' ddilll'd hI'
u= [111. 11 2, ,1I"r",
R= [I1(t/').}2(11')' ,J~,(t/')f




(:111\1"1'1,11 3. NII~IEHICAL 1\11';TIIOJ)OLOCY
IV IJ('J'('
'1/; = [11], U= [11] "lid R(//,) = H81
C'oll,.;idcr allol.her ID ('X;lIllpl('
i)O i)O
m+ 11 v.;
'1/; = [wo Or", U = [Il] '1I1d R =
For :2D, ('l[llHl.ioll (3.1) l.ake,.; l.he roml
+ I,(II.III), (37)
( iYO iYO)-c- -1- 11,-;:-- +/II-c- = h iii2 + i);l + (2(11, /P,O)
'l/;= [11. 11', or". '11.= [I/.,Ilf' 'lI,d
l lJ(;8+~) +I,(II,/II) 1R(~I) = ." + ./~(II. Ill) + .'1(0)h (;Bj+;8!) +Q(II,/P,O)
(:LS)
(:L!))
'flli,.; chapl.er pre,.;elll,.; ;111 (,llici('lll. 11lll1lericalllldhodology ror";(llvillg('(tllatioll (:\.1)
CIli\I'TEll:1. NU~llonICAL i\11';TIIODOLOC:Y
3.1 An adaptive mesh approach for spatial dis-
cretization
There isal!,ro\\'illf'; illtC'I'('st illllSill1!, tll('adapli\'I'lIl('sh approil('h ill Ill(' field of at 1110-
sphericlllol!<·lIill1!,(I'.f';.S(·('.Sk'lIl1arockl'!lIl.,I!.J'I);.labl01l0wski.200·1;.JabI01l0\\·ski
I'! ilL. 200·1: 1\lalll. 2(11). A distill<'t featlll'('ofthl'pl'('s('lIt dewlopllll'lIl is till' Ilsl'ofall
'Idapli\'(' 1I1('sll Illethor!olof';y for COIIlPlllill1!, 1I11i1t.i-scall' d\'II'lIllics of 11]('I'II"dh' dri\'('11
flows.IIILlll'prcsellt.work,wl'ailllt.ost.lldyho\\'t.ol'xt.I'I](I'lIladapt.ivelll('sh'lppm'll'll
for sillllilat.ill1!, t.wo-dilllC'lIsiol"d tlll'rJllally dri\'('11 ciITlllat.iolls. J)ct.ailed stlldy of Ille
presellt. adapti\'(' lI11'sh (('Chlliql](' \\'('1'(' gin'lIb\' VasiIYl'v ,\.:. 13()\\'IlIall (2000). \"Isiln'v
,\.:. l\e\'lahall (200S), alld 1\\;1111 (2011). I11 tllis thl'sis, ollh' additioll,d sllld\· of IIIOSI'
IIliltC'rials ha\'(' IH'('II pn'sl'lItl'r! bridly. whidl W(' havestlldied for tll(' pllrl'0S(' of till'
proposedllllilli-scaiC'Il](){IC'1
For a hrief descriplioll. h,t liS I'ollsider 'I 1IlIIIH'I'icill solllt.ioll 1I 01"111." 1'1'01,11'111 011
a grid (I'K i\. solllt.ioll of (:\,,1.'\)). alld SllppOSI' Illa.t. cl = WlI l'('pl·(·S(·IIt.S t.11(' wa\'I,I('1
t.l'il IIsfol'll I 01'11, wll('rcWd('llol.<'si\.wa\'(·II,t.lrallsforIlIOjH'I'ilt.ioll. Thewi\.\'(·I(,t. tralls-
fOrJlI cl providl's illforlllalioll 011 thl' local rel!,lilarit.\· of I Ill' COlTI'SIHlI](lilll!, sohllioll
i\loresl)('cifically.olll\·thos('l!,ridpoilltsth,dill'('associalr'r!\\'ilhlilr1!,('\\"l\'('I(,tm('lIi-
Cil'lltS r<'l)l'('sl'lIl or approxilllai<' 1I1111111C'ricalh', wh('I'(' thl' 11111111)('1' ofsllch f';rid poillts
is Ilsllalh· slll,t11 if the sollltioll 1I is hif';hl.v localized. If IIH' wa\·(,II,t. codlicil'lIts aI'('
lili<'I'('d IH1S('d Oil a tolcl'illl<'(' r. I h(' 1'!Tor of slldl 'Hlapt.ivit.v 1'('lIlaills O(). Till' mlll-
PIlt.i\.t.iOIli\.1 cOlllplexit..\·oft.hisar!i\.ptivity isO(N), whl'l'(' LI](, 1IlIlItlH'roft.III·liIIW'sl
rl't'lill('d waVl'll'l codlicil'lIt. isN. The l/,/irill1'i('ITOrcolltrol '\I](IIIII'opt.ill"i1 ('0111-
plltatioll,i1 cOlllp!('xit." an' pmlllisill1!, prop('rti('s of Llll' Wil\'I,II,t basl'd ad'lJ,livl' 11I1'sll
IIll'thodolof';.\'. VasilyC'\·.\.: 1\(,\'lallall (200S) de\'('loped ill I aIl!,ori I hili to illlpll'IIII'1I1 a
\\'a\'l'll'I Ilils('d adapt.i\'(' lI11'sh 11I(,thod for soh'ill1!, lillcilr elliplic PJ)I~s.
:!I
If Ihe IlIl'l.hod of Vasil.'"f'v ,\; l,edah'llI (2005) is IIsed to d('\'('lop all '1<Iapli\"('
111<'sh 111<'1 hod for soh'illg I illl<' d('!)('lIdl'lll alh"('('1 iOIl-dirfllSioll PDI~s Illal ar<' i!.('II<'!"-
allv 1I01l1illl'ar. addiliollal e'II'(' IIIIISI hI' lakl'lI 10 desigll a I ill 1<' illl<'gratioll Sc!I<'III<'
This he("olll<'s 11101"<' c!I'III('II/1;illg ill 1·'llIid Dyll'lI 11 i("s. \\·hel"<' Ill<' delel"lllillalioll of I Ill'





/I-Ihsl<'phy I" =/1£::'1. Lel liS also IIS(' "V IOI"<'pl"<'S('1I1 a flllll'l.iOIlIl(.r./) al i-Ill grid
poilll. allcl al /I-Ih lillJ(' sl<'p. 1\ 1I1111I<'ri(",d lillll' illll'gmtioll 1I1<'lhocl is gelleralh' ("all('d
'I I.illll' 1lI'J1Thill/l; Sc!ll'III<' 1)('("allS<' all approxilllal(' \'ahl<' of 1I(.r./) al (/1+ I)-th lilll<'
sl<'p. 11;,+1 is ohlailll'd IIsill/l; pl"<'\·iollsl." kllOW11 approxilllalioll 11;'. Si 11("(' Ihis Illl'sis
ailllstoslllclyn("ulllplllaliollallllod('lofl.h(,l"Illn!h-dri\·('lIcilTlJinliollS. \\'hich is 'I
l'OI1\'('cliH' plJ('1I011l('1I011. w(' \\'a 11 I 10 allnh'Z(',lIld sele("1 all appropri,J!l' lilll<' 1lI'J1Tllillg
sc!Il'IIll'sothal 1IIl'Iilll<'sl('psaJ"('lIot cOlIslmill<'d hvaslahililyJ"('slrictioll. 'Ii)('xplaill
I",.'· pl'OjH'rl.il's-advalllag('s/disadvalllagl's- of ("!assi("al tillll' IIliIlThilli!.Sc!I<'IIl('S. 11'1 liS
("ollsiderl'(I'lalioll (:\..1) ilS'1 silllplifil'd IlIodel of Cl. I). Nole Ihat 'I l'oll<lilioll'llh'sIahl('
Sc!I('III<' for (;\ .. 1) wOldd J"('dlll'l' t.IH' lilll(' sl.ep Whl'II<'\'('I' 1.11<' IIll'sll is rl'iill<'d. illld IIIis
rl'sl.rict.ioll is POilll.-wis<', III ot.lll'r wmcls, tlll'stabilil.y cOllditiol1 Illltst. bCSill.isfied Oil
('a("h illdiviclllid grid poilll.. SlIch 'I sl.nbilit.y cOlldit.iolllllllsl.!W 'Hldr<'ss<'d ("lrl'i"Il!ly
sill('(' \\'(' have' ('lllploy('d 'Ill adilpli\"(' IIlesll tl'c!llIiqll<'. I·'or I'xalllpll'. if I.he IlIesll l"ls
Ill'l'llrl'filledolllylo(",dly.III<'sl'lbililv('oll<litiollrcqllir<'slh'IIIII('l.illl('sl<'plwITdll("ed
ollh' olllhl' r<'fill('d III<'sh. Ilo\\·l'\"('r. a c!assical t.illl(' IlIilr("hillg sc! I<'II 1(' \\"(H1ld r<'dlll'('
CIli\I'TEIl:\' NlI~II';I1I(,i\L r-dl';TIIODOLOC:Y
t.Il('{,illll's{,('pf.(lollilllyollhot.llt.hl'fill('''lId(,o''l'sl'f.(l'idpoillls-I'vI'lIlhollf.(llthl'sp'lti,,1
IIH'sll is 1'('lill('(1 olll.y lo('allv if'l ('oll<litiollalil' sl.ahll' Sdll'IIII' is IIsl'd
LI,t liS 110\\' pl'('SC' 11 I. " hilSic tillH' IlIill'('hillg Sdll'IIII' 1'01' ('«lIiltioll (:1..1)
DIII"+' DIII"+I Dill" iYIII"+1 D~III"i51, + ('(\ 0.; ; + 1'( I - (\ )0.; , = fill ifii, + 1/( I - (\ ) ifii , ' (:110)
\\,IH'I'(' (\ E {O, j, I}, 11 l'1'1' , Ill(' Sdl{'lIll' (:3,10) is kllo\\'lI ,LS EIIII'I' I'xpli('il (El';), C'l'allk-
Ni('(JlsolI (C'N), 01' EIIIl'1' illlpli('it (1;;1) if (J = 0, j. 01' I I'('SI)('('t.ivl'I.I', Till' 11'111J)()l'al
dis('J'(,t.iz"t.ioll of PDE shollld h(' halldled ("II'('fllllv, 1)('(',uIs<' 1.11{' ad\'I'('t.ioll 11'1'111 dl'-
SlTd)('dillt.lll'lllod('II'«llat.iollslll,\yilllrodll('I"1111111I'Xpl'('i<'dillsLlhilit..I'illt.IH'IIII-
IIII'!'i('a I Sdll'IIII' LI'I liS 110\\ st.lldy t.Ill'slahili{,v I'Olldiliollsof t.IH' illlpli('it. 'IIHI I'xpli('il
Sdl('IIIl'S,
3.3 Explicit and implicit schemes
Illordl'l't.osllldvst.ahilityl'olldiliolls"lIdIOIlf.(lilll('h{'h,,\'io1ll'oftlll'solllliollsof
l'xpli('it. '1I1d illlpli('i{, Sdll'IIII'S WI' ('OIISidl'!' 1'«lliltioll (:3.·1), wlliell is klIO\\'11 'IS 0111' di-
1Ill'IISioll,,1 I3I1I'W'I"S l'!II1" t.ioll , "s" SilllJllifil'd IlIodd of (:1.1). 1.I,t liS 110\\' SIIH\.I· thl'
1('lIlpor,,1 dis{Tl'tiz"tiol1 SdlC'IIII' of 1111' 13111'f.(1""s 1'!Illatioll (;1,,1) I"or (J = 0, IIH' ',;1';
Sdll'IIIl' (:3.10) takl's till' 1'01'111
DIII,,+I Dill"i51, + ('0.;, = (:111)
Dis('J'(,t.izillf.( t.IH' spat.ial dl'l'ivali\'{' wilh t.IH' IIPWilld 1I11'thod for till' ad\'{'('tioll l.i'rlll
'UIlI 1.11(' (·l'llt.ral diff('I'('I\('I' 111l't.hod for Ihl' diffllSioll U'!'III, 1'!Il1ill,ioll (:l,ll) f.(ivI's
";'"~~";' +I'":'~.;<'-I =1/1I:'~1-(~1::;2+1I:'...1. ('>0 (:112)
('111\1''1'1';11 :l, NII~'I.;nIC:1\1. i\II';TIIODOLOCY :2(;
1II'n'61isl.llcl.illll'sl.l'pnlld6,ristll('gridspncillg II isfirsl.mdl'l'nl"'III'nl,('ill
bol.ll lillll' nlld spn('l', nlld l'I)Jldiliollnll,\' slnbll', TI,,'rl' is" lillll' sll'p n'slril'lioll 1'01
I.lIeslnbilily('olldilioll, IlolI'{"'('l'.II'{'dollol.l,,'('dlosolv('nllvalg('hrni('s\'sl('II'
DislTl'lizillg thl' spalin! dl'ri,'nli\'('s willl ('('III('I'I'd ill spnc(' givI's
(:1I1)
1I is nlso ('alll'd a I'ol'\,'md ill lillll' ,\lid ('1'IIlnl'd ill spa('(' (I'''I'('S) Sdll'IIII' tllnl is firsl
ord('rillt.ill"'nl"ls('('llI"lonl,'rillspn(,l','\I,,lisnlso(,olldil.ioIH,II,\'sl.ahll', 'l'I,,'n'is
'Iow IIsillgn = I ill (:J,IO), 11", 1,;1 Sd"'lI'I' Ink('s 1.11(' I'orlll,
UIII"-II UII/"+I iJ,llll"+1i5i, + ('7);, = 117);2,
Dis('J'('l.izillg LlJ('spnlial dl'rivnlivl's willl ('t'IIII'r('d ill spa('I'gi"I's
(:11(;)
1I is nlso ('nlll'd a ha('k""JI'(I ill li,"(' nlld ('1'IIll'r('d ill spa('(' (13'1'(,S) Sd"'II'" IlInl is
lirsl ord('r ill li,"(' nlld sl'colld ord('r ill Sp'I('I', 'I'll(' Il'l'CS Sdl('I('I' is II11('Ollfliliollnlh
slnhle, hili II('l'ds 10 sol\'(, a '."SII'III or algl'hrail' ('1I11n(.iollS al l'a('lIl.illl(' sl('p, \'01<'
Ihnl till' I,'TCS sdl(""(' is l'oll(liliollalh- slnbll', \\'lIid, rell"in's n ,,"all ~I, all(lllI'('ds
III0H' Cl' I.i 11 "', 011 1111' ol.h('r Ilnlld till' 13TCS Sdl('II'I' IIIa,V lIS<' Inrg(' 61. hili nlso
1'('II"in'S Inrgc CI)U t.illJ(' hl'C'"'SI' 01' 111(' algl'hmic S,\'SII'III
The al,(,'""wy 01' 1.1](' I3TCS "'I'IIIOd cnll 1)(' illlprov('d I>.\' Ilsillg n = ~ ill (:110).
Usillg n = ~ ill (:110), I Ill' C.\J Sdl('II'I' Ink,'s Ill(' I'm11 ,
DiS(T('Li~illg I.IH' spaLial d('rivativ('s lVil.ll ('('llt('r('d ill spac(' yil'lds
'I'll(' ('[\ SdH'IlI(' is illlpli('it, s('colld ord('r ill hotll spac(' 'lIld tilll(' OIl('lllilyIlS('t!H'
VOII N('lllllilllll 11l('1 !Jod to filld t 11(' slHhiliLy cOlldil iOIl of I':I~, I~I illld CN SdH'IlH'S
Accordillg Lo 1.11(' VOII N('lllllallll IlIf'L!Jod, 1.11(' I~I~ SdH'IlH' is cOllditiOl"dly s!;lhl(" 11111
hoL!J Lh(' I~I 'IIHI eN SCh('IIH'S ar(' IlllcolldiLioll'llI\' slahl(', III Ihis LIH'sis, \I'l' Sllllh' 'I
!Jl'llrisl,ic slilhilily Lhl'ory, to illl'Ih'~(' H IlIl11H'rica! Sdl('lll(, for CI:I) applicatiolls, '!'llis
hl'llI'istic 1l1('t!Jod iSlls('fllllolllHkrstillldstahililyil';II'('11 asl!J('a('('llllllllalioll oftilll('
illtl'grillioll ('ITOrS, Let liS 1l011' ('xplaill I!J(, Slilhilit,\' of th(' aho\'(' "dl('lll('" llsillg tll('
!J('llristicIll<'l!Jod,
3.3.1 The method of heuristic stability analysis
'1'0 Lhcbcst,ofolll'klloll'lcdg(', Lh('hl'llI'i"licslahililyall'lly"i"lll('t,llodaPI)('aIH! ill \\"Irlll-
illg &:- 11\'<'11 (197-1) for L!J(, first tillH" illld I'ilrl!Jl'r d(,tails of t!Jis 1ll<'l!Jod \I'('IT also
disCllSSl'd h,,'Tilllll('!Jill ('/ o/. (1997) illl!J('COII('X( ofCTD'lpplicalioll", T!Jl'lllt'l!Jod
ililll 10 oblilill illl t'(I'li,'al('lll PI)I~ frolll (!Jl' IlIl11H'rical Sdl('llll', lI'!Jidl is kllO\l'll 'IS 111('
lllOdifil'd partial diffl'rl'lltial ('qwilioll (\IPDI":)
To ('xplaill hri('f1y, IcI. liS filld l!Jl' i\IPDI~ for L!Jt' "dlt'IIl(' (:\.12), III ord('r (0 oblaill
1.I1('i\IPDI-:, I.IH' 1l11lll('rical appmxilll,J.l.iolls 11;--1-1. 11 ;', II;'~I' '1Ild 11;'11 iIIIIH'"dH'IlH' (:l,I:2)
'lITrcplilct'dll'iL!Jt.!J('ircOIT('SpOlldillg('X,wLV'llll('sll(.r;, 1"11),0(.1',.1,,),11(.1', 1,1,,).
alld 0(,1';1-1,1,,),011(' Illav ('oll"id('r /1=0, for "illlplicitx, log('t
o(,r"I"t-l~~o(,r"I,,)+(,o(,r"I,,)~,:i(.r, 1. 1,,) () (:I,I!))
CIIi\PTI';H :3, NtJ~II';IlJC'i\L f\II';TIIOI)OI,OC:Y 2S
Usillg T'lylol' S(Ti(,s ('Xp'\IISioll wil.ll I'l'sp('cL to (,,.,,1,,),1.1,,' alg(,lmli(' ('(l!latioll (:L1!J)
('all!J(,COllvI'I'I.('(lilllollH'roIIO\l'illgpal'lialdifrl'I'l'lltial,'qllaLioll('6,1' (1'61) " "
Il, + ('//, = ---:2 1- t;; It"~ + () ((6,/)-. i:l,.:::'I, (i:l/)-)) (:UO)
!\sdisClIss('d ill \\'al'llIillg ,1.:-11\'('11 (1971), 11"'I'qllalioll (:l.:W) is c,illedlhl' 1\11)1)1';
Or (J,19), '1'11(' lH'lIl'islic 1III'Ihod sliltl's Ihat IIH' 11I111l(,l'i('al sdl('III(' I\'(Hild sol\'(, l'qll'l-
lioll (J,20) illstcwl orsolvillg 1,111' ,1('llIal I'DI~ (:\..1) \I'ilh /1 = 0, 111'111'1' tilt' 1I1l1l"'l'ic,iI
solllLioll wOlllil 1)('II'tvc' lib, Lhl' solllLiOl1 or LIlt' f\11)1)1';, whidl is Lh(' k('y C(JlICI'pl ill
I.IlislH'lIl'ist.icsLabilit.y'III,ilysisllll'thod,
TIll' hl'lIl'isli(' st.a!Jilit\, t.hl'ol'y sLatl's IhaLa Sdll'IIl(' isstabll' il
\I'hl'l'l'C~k I'l'pn'sc'llls tlll'l'f1i('il'llt orlhl' lo\\'('st ord('1' i,l' Il"lllillglll'dl'I'I'I"l'1l dnil'ati\'('
1'1'1'01' 1('1'111 01'1111' f\IPDE (\\'al'l11 illg& 1I\'('tl, 1!J7.1), Irt.hl' leadillgol'd('I'(,l'l'or tl'1'1l1 or
Lhc' f\IPDE ('ollLaills 'Ill ('1'('11 dl'l'il'aLil'l', Llll'll 1.111' l'('slIltillgl'l'l'or is ('alll'd 'I dissip'llil'<'
"ITIlI',alldl.lll'IIIIIIlI'l'icalsollltiollbl'I"\l'l'slikea"dilrIlSiOllpl"'1l01l11'1l0Il," Olltl,,'
oLhl'l'llalld.irt.hl'II'adillgnrd(,l'l'l'l'orLI'l'lIlisallodddl'I'ivat.iv(',thl'lltlll'l'l'SlIlt,illg
1'1'1'01' is ('alll'd displ'l'sive l'ITor, \\'l' I'('rel' to t.hl' wOl'k Or \\'al'lllillg & 11\'('11. (1!J7,1) rora
dis('lIssioll Oil highl'l' Ol'dl'l' I ('I'IIlS, \\'(' I'all SI'C' Ihis hI' igllorillg all higlH'1' Ol'dl'l' 11'I'IlIS
rrolll Ihl' I'ight halld side' or (:1,20) as 1\'(,11 as th(' adv('ctioll 1('1'111 rnHII Ih(' Il'f! 1,,111<1
sid(', alld by lookillg al 1111' tillH' l'vollltioll or a sillgll' FOlll'i('1' 1I10d(', ii(/), \\'h('1l th('
Sl'COlld Ol'dl'l' ('1'('11 (h'l'ivatil"l' 1('1'111 Oil th(' l'ighL Ilalld sid(' has a Il('gativl' ('o('lli('j(,llt,
("Ich POlll'ic'l' Illod(' will grow, I.Ilt'l'l'by Ieadillg 1,0 all Illlslabll' SOlllLioll, CII"II'ly, thl'




CIIAI'TI,;n:1. NII~lEnICi\L 1\1 ";TIIODOLOC:Y
Nolc t.IIHt. Ill<' COllditioll (:J,21) Ikil is ohLlilll'd rrolll I lie !lIPDI'; is t.11<' SHIlI<' 'IS IlIc
CFL l'lJlldit,ioll I,hal 011(' wOllld ohlHill rrolll tll<' \fOil Nl'IlIlIHIlIl slHhility alia lysis, 'I'll('
!<'adillgord('rNror 11'1'111 illlhe trllllcalioll ('rror('olllaills 111<'('\'('11 d('ri\'Hti\'(', IICIlI'(' Ill<'
i\IPDE is Ilslol'llllo Illldcrslallllthal Ihe solllliollhas dissipatin' ('ITOt'. Wilh 1I<'IIrislic
HIl,d,\'sis, \\'l' Ilot ollh' Illldl'rsl'lll<l the slahilil." hili Hlso 1Ill<Il'I"slalld 111l' 10llg tillll'
1)('1I",'iom orlhesohllioll, This '"lalysis, ill parliclllm, is \\'(,11 slliil'd ror all '1<lHpti\'e
IIlCsllllll'lhod, wll<'rc 6.,1' isa \'al'iahle willll'l'Slll'Ct. t.ogl'id poillls
TIII'cxplicit. I,'TCS Sdll'1l11' (:1.1·1) is lirst.ordl'l' ill t.illlc'"ld S('I'Olld mdel' ill SPHl'('
Usillg \fOil Nelllllallll st.ahilit.y il.llidysis \\'1' l'all casily OhS('I'\,I' t.hal t.ll(' VI'CS Sc!ll'IlI<'
is 1I1l('olldit.ioIIHII\, Illlstahll' ir 11 = n, '1'11(' SOIlIT(' or 11111 1l1'l'ica I illslHhililv IIlH\' 1)('
icil'llt.ified Ilsillp, Ihl' llemisticslahilil." a!lilh'sis proposed h." \\'iII'lllillg,\,: 11\'('11 (1!J71),
III asilllil'lr 1l\;1I111<'1' 1II<'Ill0dified 1'l!lliiliuIlOrllll' 1,'CTSsc!I<'IIl(' (:1.1,1) is!'.i\'('IlI,.'
ACCOl'dillg 10 thc Ilcmislic slabilit.y HIlil.lysis, tll<' 1"TC8 Sc!I<'III<' is IlI)('Oll<lili(lIlillly
1111SI,\hle bl'I'HIIS(' III(' codlicielll or Ill(' !<o;ulillg order S('('ClI I< 1 dC'l'i\'Hti\'(' IC'1'1l1 (Ill tll<'
rigllt Ilalld Sil!<' is Ilegali\'(', Ill'lll'(' tlll'lil'sl ordl'I'I'Xplicil SdICIII<' iSl'Ollditiollillh' sIHI,I(,
'"ld Ill<' S('I'Olld Ol'dl'l' cxplicil Sl'!I<'IlIC is Illlcolldiliollalh' IIIlSIHhl(' ror Cl!IIHlioll (:1,1)
wilh II=()
This '"lalysis slIO\\'s thHI t.hc choicc Or all l'xplicil Sl'!I<'IIl(, is 1101 Hppropl'iHll' 1'01
sillllllat.illg t.11<'r1llaIlY dri\'l'1l C'il'CIIIHlioll wll<'ll 'llh'l'l'Iioll or ('OIlVl'clioll is a dOIl\ill,"J1
pll<'1l01l1C'IIOIl
To c'xplaill rmlhcl', il't.IlS 1l0W cOllsidN tlIl'Sl'!I<'IIlC' (:3,12) or (:l.I,l) rorl'=(), /,{'
t.hc' Illodilied cl!llalioll or Ihl' II<'al ('l!lIat.ioll is giVC'1l hy
T!I,' Sl'iI"III(' is sl"iJl" if 0 ::; (~~;" ::; l' II"lli ..!llIlilk"s I!I" ('()dli .. i"111 of Ill(' 1,'i\{lillg onl"1
"!Tor I.t'rJll posit.in'. T!I" 1"'lClillg ord"r "ITor 1"rlll ill 1.11(' Irlllw"lioll "ITor is "11 ('\"'11
d"riv"tiv". so t!l('sollllioll !I"s dissip"tiv(' "ITOI
Ilo\\"('H'r.I!I('sl"iJililycollditiollsl"I('s 111,,1 if~.r iSr<'dll",'d In'" f,,("(mofl/. t!ll'll
':::'/IIIIISI all""st iJercdll("ed hy" f,,("(orofl/. 1·'or'lIl "d"ptin'III<'s!l relill<'III<'llllIl('s!l
"pproac!I. Ill<' Sl'iI('III<' \\"(lllld r<'qllir<' "11 l'xl n'III<'I\' slll,,11 I illll' sl,'p
FIlrI!l('rlIIOr<'. t!ll' IlIodilil'd "qllalioll of t!l" I-'TC'S sl'ilC'III(' CLI.I) I'm (. f () is gin'll
hy
II( +1'/1,. = CJ- CUI)
II"n', 11"(' call ("()lIlpar<' (:3.2.1) lI"illl (3.22). \\'(' SI'" 111,,1 ill tll<' "bSI'lIn' of a dilfllSioll
It'rllI i.e. \\'il!l {J = 0 t!l(' FTC'S SdICIII<' is IIIWOlldilioll"lIy IIl1sl'lhle. hilt ill Ill('
PITS('IW(' of" diffllSioll t('rJll, Ill('sl'iI('III<' l)(,collI('s"olldilioll"lIy sl"bl,'. T!lis illdi",II,'s
!lO\\·III('"dd.\·viscosit..Ylllo(lclisllsl'flll ill>llllllll"ric,,1 IIIod"lofflllidlllotioII.IIO\\"('\·('f",
l'qll"lioll (:1.21) st.all's I!I"I ll/ < ~. TllIls, d('spit" 1.11(' I-'TCS sl'i 1('11 1(' b"illg sLl!,I,'
'lCTmdillg to 1II,II!I"lllat.ic,l! "lIalysis, it is slillllolllseflll ill 'I Cl.'\) III<)(!"I 1)(,,,,,1 IS" //
isoft.cllv,'ryslll"ll, O(IIJ-(;)
L<'l liS 110\\' disCIISS t!l" slabilil\' ('olldiliOlIS of Ill(' illlpli"il sl'i 1<'11 I". 'I'll<' 11I,)(lilied
('qllal iOIl of 11)(' UTCS sC!l('III" (:LIG) for /1 = O. i.I'. Ill(' 1\1 P\)I~ of t II(' \\',1\'(' "(11,,11 iOIl
is gi\·('1l by
11/+1'11,= 1.2~//I,,+()((1l/)2.(1l.r)2)
!\gnilll.!l(' Illodilied eqll"lioll of Ill(' I3TCS sC!I"IIIl' CJ.lG) for('=O, i.(' t!l" [\11'1)1';01
Ill< ~ Ill'aI ('q II" I i0 11 is giv,' 11 by
CUI;)
!\slll<'coelli"ielllofl!l('I,'"dillgordererrorl('I'lIlof,'qllatio11 Cl.l!i) "lid ('qll'llioll (:Ll/i)
is al\\';l\'s posiliv,'. bol!l tll(' Sl'iI<'III<'S ar<' IIIWOllCliliollall.\· slniJIc. Till' 1"'lClillg md"1
CIIAPTEn:\' NU~IEI{IC:,\L l\II';TlloDoLoc:y
e!TOrL('l'Illilllhelrllll('alioll('ITOI'('OllliliIISIlll('\'('11derivilLi\'('l'or !JOt.! I ('qllilLiollS
'1'11(' I3TCS Sdl('III(' is 0(6/. (6,l'f) illld 1I1)('OlldiLiollillly sIoJi>I(, !JIII il sldl'('r" I'mlll
dissipillil'e('ITO!
The lllodifi('d eqllalioll 01'111(' WITS Sdl('!ll(' (:l,Hi), i,C', Ill(' j\IPDE 01'111(' 13lll'~er'"
('(plilliOIl i" ~il'('1I hv
( ('~ .:J./) ( ') ")III (11, = IJ + 2 11" + () (6/), (6/)-, (6,1')-
Tll('rdOl'e, W('('IIII('OIlIpill'('LII('Ilppro>l('h !J('I\\'('('II (:3,27)ill1d (:\.2,1), !\st.!l('(,(lt'lli,.ielll
01' Lhe Icadill~ order ('!Tor I('rlll i" posili\'(' Hlld ('OlllilillS IllI ()\'('II d(']'il'i1li\'(', Ill(' ,,'11('111('
iSIIII(,olldilioIlHllyslilhICill)(llh('sohILiOIl('OIIIHillsdissipHlil"'('ITOI', Tll('lilrl-!,,'rlll('
6/,lhehil-!,l)('r Ihcdissipillil'cdk('\,
III ordl'r to illlpro\'(' th(' sl'l'lIario, ('ollsil!<or 111(' eN sdll'IIl(' (:l,17) \\'illl 11 = () 1'01
silllpli('itv, \\'1)(']'(' Ill(' \IPDE is ~i\'('II!)\'
'I'll(' Il'ildill~ord('r('ITor!.r'1'I11 ol'lhe 1l'IllIl'i1Lioll error ('Olllilills illl odd d(']'iI'IJlil'(', "0 1,1)(·
sO!IILioll hasollh'dispcrsivl'l'ITOl'. IClll'lh(,l'.ll)('llIodifi,'d ('qllillioIlOl'tllt'sdlt'III(' (:l,17)
I'or ('=(), i,(' Ill(' \IPDI:;ol'lll(' Il('ill ('qllHlioll iSi;i\'('lI hy
11()\\'('\'('l'.('OlllpilrisOllIJ('L\\'('l'lI (:l,2D)illld (;l,2G)sl)()\\'slhIJlII)('dissipllliolll'ITorillil
C'N Sdl('llI(' (!<opl'lIds ollly 011 6,/ Ill'II('(' 1.11(' Il('('llrll('y ('HlIl,,'(,olllrolll'd!Jy ,)(Iilpli\'('
IIH'sh rdilll'II)('111.. l\loreovl'r, Illl' ild\'('clioll 1"1'111 dlH'S lIot illlmdlll'(' 1111\' dissipilli\'('
This HlIHlysis d(J('s 1101 1'1I11y ('Xplilill 1)(J\\'lh(' dissipalioll l'!Tor (';111 I)(,(,olllmll,'d
In' Ih(' i1dilpti\'(' 1I1('sh rdillclll('lIl i1pproH('h wilholll (,olllrollill~ 1111' lilll(' sl('p, \\",
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af\J'('l'lhalaslIilahll,tillll'-sp,l('('ad'lpliVl'III('III(HliSll('l'dI'd,Cll'arh-,lhl'rl'islIolilll<'
siI'p cOlllrol ill I he Ci\ Sdl('III(', !\(h'aIlCl'd allidysis of Ihis i\11-'DI~ 1111'1 hod for a fldh
1l011-liIH'ilr cq\lcttioll J'('lllniIlS all cH'tiv(' nn'tl ill Illllllt'ri('cd (lllalysis
11 I< I< kllillf.\011 hO\l,tuse!('l'1 a SdIClIll'SO Illal Ihl'sollllioll J'('lIlaills aCl'('plilhll' afil'ra
IOIlf.\ tilll<' ilia ph,\'siud Sl'IISl', III Ill<' pf'('Sl'lIl \\'()rk, \\'(' hm'l' adopl,'d Ihl' CN sdl<'III<'
for soh'illf.\ the flllh' lIolllilll'ar ('OIlSl'I'\'atioll liI\\'S, which is 1I10ti\'a1l'd 1'1'0111 II,l' ahm'('
alJalysis, 'vVI' \I'ill also disclISS 1101" Lo solVl' 1.11<' J'('sIIILillg 1I01lIilll'i1I' SVSII'1I1 ('lli('il'lItl,\
3.4 The proposed numerical algorithm
!\pplyillf.\ 1111' flllh' illlplicil Ci\ Sdl<'III(', 1111' dis('J'(,tizalioll for ('!JlIatioll (:\.1) slIhjl'l'I
Lo c!Jllitiioll (2,,1) is f\i\'('1I h\
'IjJ"+~~ 1/J" + ~ (U"+I, \11//'" 1+ u", \1'IjJ") = ~ (R"+' R"), (:UO)
V'U"II =0
Usillf.\ 'IjJ = u alld I Ill' eN Sdll'lIll' (:3.:30), 1111' i\SI~ Lakes I he fonll
(:UI)
u"+~~ u" + ~ ((11"1 I, \1)11"1-1 + (u'" \1)11") =
_\1,/,+1 +~ (\12 U,,-t '+ \12u") (:U2)
\1'u"ll =0 (:U:\)
III ord('I' 10 Soh'(' Ihl' ahm'l' S."SII'III, 0111' IIIi1ill difliclIll." is Prl'SSlIrI' ('aklllillioll, as
th"rI' is lIodYllalllical 1'!Jllaliollli,r prl'SSlIrI', Thl' 1I10St ('OIIlIIlOllly IISI'd 1I1C'III<II1s I'm
prl'SSIII'(' Cal('lJiill,ioll arc i\1""kcr alld C,'II (i\I!\C), alld 1111' I'rojcl'lioll 1111'1 hod
CIIAI'TEH :~. NU~IErllC:,\L IETIIODOLO(:)
3.4.1 The MAC method of Harlow and Welch(1965)
Slok('s ('qlliltioIlS (i\SC) (J.J2)-(:3.:~:~). Tilis 111<'1 i10d is illso C'"1111101Ih' r('I"IT"c! 10 ilS
lil(' i\lilrk('r illld Cell (J\IAC') IIl('liloc!. TiI(' i\IAC' IIH'lilod is b<l.';(·c! Oil tlH' sliI~~'·I.,.,1
~ric!. wil('n' liI(· pn'SSIIH' is COIIlPIII('c! Oil Ill(' c('11 n'llt('L 1l1lc!111(' v('locih' COlllpOll('lltS
'lrl' 011 Ill,' c('11 illtl'rlilC<'s. 1'11(' t('lIlporal diseT"'.izillioll of liI(' ori~ill,1! i\11\(' 111<·tll<,,1
,HIOjlls all ('xplicil Ir('iltllH'lIt 01 adn'ctioll, prl'SSllrl' !-'/'Hli"llt, 'llld c!illllsin' 1"r1l1S
'I'll(' solllti(J11 is Cillcll\;lI.ed by IIsill~ the pn'ssl!r(, IWIII I he pH'viol" tillH' sl('p, IVlleT"
prl'ssl!r,·iscillclllal('dfroIIlIIH·I)oissoll,'qlliltioll.llllll('origillil!i\I/\('III(,tllod,III<'
('qlliltioll (;~.:~2) \\'ilS ohl aill"c! IIsillg EII"'r ('xplicil 111('1 i10d
V'U"II =0 (:I.:l!))
Tilkill~ I Ill' div"IW'IIc<' 01 I.IH· ,'qllill,ioll (:~.JI) yi('lds
ASSIIIII(' Illill t Il(' illit iill n·I()('ih· li('ld sat isli,'s till' c!in'l'~"lIn' IH'" cOIlc!il iOll, i.,' \1'11" = O.
liI('lIllll'('qllillioll(:I.:l(i)r('c!lIc('slo
III orc!('r 10 sillisfy Ill(' div"r~"If('" fr('(' cOIIc!ilioll V U"II = 0, lor til(' "Olllplll,'c!
v('locity lil'ic! 11,,1-1. il Iuplin's 111i1l
\\'i1iciI isIIIl'H'qllir('c! PoisSOIl(,'pl,lIioll forpr('ssIIH·. USilll-';tll,'C'rallk-,\icolsOIlIlI<·tlloc!
lor I ill' \'iscoIIs 1('1'111 alld all cxplicit IlIclilod for tll('ilc!n'cliolll(·1'Il1. tll,' i\1i\C' 111('liloc!
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rclaills LlJ('salllc J'oissoll cqllnlioll for prcSSllrCca!cIlJ;ILioll !"rOIII L!J(' i\11\(, 1111'lhod,
W('S1'clhaL(i)I!J('grid isslaggl'I'('(1 (ii) 11[('\'('I()('ily licldisdivI'rgl'I[('I,It'('('i,c, \7
11""' =Oal cachtillll'st('p, (iii) Illl'llI'('SSIIr('IJ isoblailll'd l'xplicitly f1'llIIlIII('I'xpli('i!
\'('locilyfil'ld,alld (i\') liJ('lIolllilJ('artITlllistrcalt'dl'xplicitI\,blllth('\'iscolIsll'rlll
IIlil\'!lt'lrI'all'd illlplicill,\', Sillcl'III('\IAClllclhod Irl'alsthl'ad\'('('lioll l<'rtllcxpli('ilh-,
it III(ISI al\\'il\,s satis!\' Ihl' crI, cOlldilioll
3.4.2 Projection method
Chorill (j!.J(j8) d('\'('lopl'd a 1111'1!IOd forsolvillg ilJ('olllprcssibl(' NSI';, IVllidl is I'<'fl'rl'<'d
toasllI<'projcctiolllllclhod, TiJislIJ('lhodisalsokllolVllastll('fl'iI('liollalsl<'pllJ('lll(ld,
alld WH;; forlll(I1al('dolllll('r('gIlIHr (lIollstaggl'r('d) grid (THIIII('hill 1'111/., I (JI)t) , I1 is
allilllpli('illlI<'lhod,solhcrl'isllostaiJility('Oll(litiullorlilll('sll'pl'<'slricliol1.llo\\'-
('\'('1', il rl'qllirl's soh'illg; IIVO algl'brni(' S\'SII'IIIS for Ill(' \'I'I()('il.l' fil·ld 1.1"-\ I, '1I1d liJI'
prcSSIII'('JI"11 HI 1"I('h lilll('sll'p, whi('h is higlIly COS I, dr('cli\'(', Thl' Illaill mh'HIII,\gl'
of Ihl' projcclioll IIldhod is t,!1(' apl'lic,\Lioll of" Lillll'-sl'liILillg dis('J'('lizaLioll Sdll'II[('
Lh,i1,dl'I'ollpll'St,!'CCOIIII"llaLiol\of\'('locilv ficld alld prCSSIIr(" illsLI'adofsHlisl'yillg
t!I<' 1110111('11111111 ('qllal iOIl alld 11 [(' di\'('rgt'lIl'l' fr('l' ('olld il iOIl Sillll III alJ('ollsh, (I~ .\.: Lill,
ID!)5), III Ill(' first slt'p, ('OIlIPlllc all illt,I'I'1IJ('diall' \'clo('ily 1/' In' igllorillg Ill(' di""r-
gl'III'I'frl'('('Olldiliollalldlhcl'r1'sslIl'<'grHdil'IIII('1'lIlf1'll111111('IIIOIII('IIIIIIIIC(I'I,\lioll
Th('r('fOl'('cqllalioll (J,J2)gi\'I'S
1.1' ~/II" + ~ ((11', \7)11' + (11" '\7)u") =




('111\1"1'1·;1( :1. NlI~llol(l(,1\L I\11';TIIOiJOLO(:)
alld takillg tll(' di\'('rgl'IIl'l' 01" l'qllalioll (3.10). i.('
\7'I/"I~~ \7'1/' = _\72/1",1 ClIl)
III or<!('I' losal.isfy Ilil'dil"l'rp;l'II("('I"J"('I'COlldilioll \7'1/,,11 =0. 1"0rt.!l<'l·011IpIII.I'd l"l'locih
lil'ldl/"II,II'('lIoll'soll"l'
I"orcolllplllillg 1/,,+1 = 1/' -L:1/\7/i"ll. Tllisilppl'Oacli l'<'qllil'<'S'11l ill'1',Jlil"l' 1II<'Ili0d 1,,1
1il'I'<'. 11'1'IH'l'dtosol\'l'lll<'llolI-lilll"lreqIliJlioll (3.:11)) aIIdtlil'lilll'arl'qllillioIICl.ll)
illl'aclililll('slep.llltliisllil'sisll't'stlld.vlll<'developlll('lIt01"'1 1I01lIill("lrSoll"l'1' 1"01
soh'illg Cl.:19). Ll'llls IIOW hril'!h' illtrodll('I'ollrapprwJ('1i ill tliisdil'<'l'lioll
3.5 Iterative methods for a linear system
III ordl'r 10 preselll 0111' 1I1('lliodolog\' 1"01' soh'illg S,\'Stl'IIIS 01" algl'hl'ilic 1'l/IIiJlioIlS, Il'I
IIshl'gill\\'illi ill'ralil'l' IlIetll()ds l"(}I'a lilll'arSI'stl'lll. III lliistlil'sis. 11'1'IISl'hollllll<'
st'ltioll'II'.\· ,111(1 tlil' II0II-skJl,iollal'.\' il.<'1"ltivI' 111l'lliods. SllppOSl' 1.11,11
rI.1' =h.
is a giV('1I 11 x 11 lillear S\'sll'llI OI"I'qlliJlioIlS. \\'liidl call also 1)(' writ 11'11 as
=h j , i = 1.2.:1. (:1.11)
/\11 ilen\li\'(, IlIclliod aillls to calclJlall' tlil' 1'1'1'01' I', so tllal 'Ill appl'OXilll,Jll' SOlllliOIl
1" 01" (:3 .. 1:3) is (,OITI'('led ilccordillg to
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wIU'I"('1.I11'illi<'ger!;rerer.-.;l.o;1lIil.eral.iollsLI'p(llarl"('II.l'illi.,2()()2) \\\'willdiscllSs
illtlll'lll'xt.sl'ct.ioll Illat.tlu'ilhov,'ill'riltivl'apprOiwh 1"('11 lilillsI.III'SilllU',I·I').!;ilrdl,'ss
or \\'hetlll'r I hI' gin'll Sysll'lIl is lilll'ilr or IloldiIH'ilr. Tlu'I"I' ill"(' SI'\'I'rill 1I11'111(lds 10
detl'rJllilll' till' error c. \\'111'11 till' error is slllilll. \\'1' IIlllsl 1,,1\'1' eitlll'r II.r'"~ 1_ .1"'11,,::::
() or 111'11" :::: I). wlll're cl > (J is iI SI 11;1 11 11111111)('1', illld 1111' l"I'sidllill I' is ddilll'd In'
I' = h- ..1.1"'. This is kllowlI ;IS I he cOII\"{'rgl'lIcI' lTiLI'rioll or Ilu'sloppillgc(llIdilioll
Noi<' thill 1.1,,' reqllired IlIll1d)('r or itl'1"aliolls ror COllVlTgellce depl'luls IIIi1illh' Oil Ihe
propl'lties or 11, ;llHI iI Ilu'orl'l,icill d,'vl'lopllll'lIl. is lUll. UII' pmposl' (lr Ulis IllI'sis
i\ sliil,iollilrv ill'1"illive lIu,t.hod ililllS to Cilll'ldilll'" S1ldl Illill. .1''" +{' = 1\1.1''" I c.
wh('j"I'.\1 iSiI IlIillrix illld ('isiI vI'l'!or. Thlls. \H'gl'l
r H1 =.I/,r'·+{
\\'e will show Ihat Ihe lllilt.rix .1/111'I'ds t.o IH'ddilu'd dil"('cll.\'. hili Ilu' \"('('Ior ('I';lll
1)(' igllOI"(,(1. COlIlllI(lllly liSI'd sLatiollary 1111'1 hods rorCPO ;lpplil';ilioIlS ill"(' tlu',LlI'ohi
;lIldCallss-Seidellllelhods(I\elly.I!J0G)
3.5.1 Jacobi method
'l'IH' lIai\'I' itl'rati\"{' IIl('thod ror soh-illg a lilll'aJ" S\'SII'11I or 1'II'liltioIlS is prolmhh' till'
,Iacohi Illethod. which is 11 ill lied rOrtII('CI'1"ll""1 IIliil hell ,,11 iciill 1 C'ilrlCIIStil\·.Jill·oh
.Jaeohi (Prl'ss "I oi., 2(J()7). Tlu' iLl'ral.iolllllillrix III call 1)(' rOlllld h\·llSill).!;;lll ilddiliH'
splitlillg or Ihl' giVI'11 IIliilrix: .. \ = 13 + f) + U. \\·hel"(' tlu' 11I;llrix f) ("()1I1i1ills Ilu'
diil).!;ollalell'llu'IILsorJl,{]COllli\illsthl'lo\\"('1"-diagollilll'll'1IU'IILs;IIUI(!I·OllliliIlSI.lu'
"PI"T-diilgOllilll'II'llH'ltS \Ve CillI \\Tile
CIII\P'I'''1l ;J. NlI~I"IlJC:1\1. J\fl·;TIIODOI.OCY
Usill~ t.l1(' rmlll (;\ .. 1.1), 11'(' ~('i.
Cl I!!)
Usill~ Ill(' IIlilll'ix rorlll. II'{' ('nil also l\Til('
C\·I(;)
II1 t.his blSt. 1'01'111 (:1.-10). lIT ("111 s('(' I I lilt Ill(' ('I'mI' (' is ~il'('lI hy (. = f) I (b - :IX lk )).
nll(llIoillrmlllil.liollahoIlIJ\/nlldr·isr('(l'lir('d
elt-arly, st.ilI'lill~ II'ilh nil illili,d ~11<'SS, 1',1('11 ('qllill.ioll or Ill<' SySll'l1I is sO"'('d Oil'"
I'm Ih(' COIT('SPIJllllill~ ('1('1111'11101' Ill<' sO!lIlioll v('clm. k(,l'pillg all 0111('1' 1'1('III('llls 1111-
chall~l'd. tll('l'l'l>.l' filldillg all 1I1)(lnl<'d approxilllnlioll or I Ill' sollllioll. Tlll'lIpdnll'd
sO!lItiolls al'l' liSI'd fill' Ill(' IIl'xl ill'ralion Thl' pr<)('I'SS COlllillll<'S lllltil till' d('sin'd
COll\'Cl'g('II('('lTill'l'iollhasb('('lIsalisfil'd
3.5.2 Gauss-Seidel method
Th(' Cilllss-S('idl'l ill'l'illive 1I1('IIIOd orsolvillg nlill('nI'SI'sl('11I or('qllilliollS ililllS to illl-
prol'(' tll(' rnll' orcolIl'('l'gclI('c orlhl' .Iacobi 111('1 hod. III Ihis 111('1 hod. I hI' 1I1os1 CIIIT('1I1
npproxilllill<' \'ahl('s or thl' sollltiolls ar<' IISl'd ill ("ll'h or Ihl' SlIbSl'll'll'lIt ('alclllnliolls
Thl'.lamhi ill'ralioll (3.-I;))call!1('1110dificd (ooblailllhl'CallSS-S('idl,1 il<'rnlioll
(kll) _ ~ (I _"\' .1k+1) _ L .(k)) i,j = 1.2,:1,
r/ - {//; )i 7;; (Jij·lj ./>i (lq.f)
whidl ('illl bl' I:xpl'('sscd Ilsillg nlllilt.l'ix lIolat.ioll ns
(:\17)
111 t.his ('aSl" tb(' ('1'1'01' (' is ('aklllnll'd ns (' = (U IJ) I (b - flx(k'»)
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Fro 11 I 111(' aho\'(' dis('llssioll. 11'1' SI'I' ('11"lrlV LlI>!L 0111' I]('('ds Lo ('>!il'IlLiI(' LlII' I'ITOI
I' sl'qlll'IlLiall,l' IlSillg a slaLioll'lr,\' ilcrativl' 1l1l'lllod IlliliI I,ll(' dl'si]'('d ('olll'('rgl'III'I' Ilas
1)('1'11 ]'("ldll'd, 11001,(,I'l'l'. 1111' rall'ol'('oll\'('rgl'III'l·d('!H'IHlsoll till' Illl'tllodol'(,Olllplltilli!.
(' as 11'(,11 as 011 till' propl'rtil's of 11](' Illalrix .. \. For l'x'lIllpll·. 1111' Illalrix .. \ 11I'I'ds
101)('di'lgollall,I'dolllillalllorsylllllll'tri('alldposilivl'ddillill'l'ortlll'l'olll'l'ri!.I'III'('ol
holll Llll',lacohi alld Callss-Sl'id('1 it<'rnliolls, TIIl'Callss-Sl'idl·llll('tllodoftl'lll'('(l'li]'(·s
1'('II'('rill'ratiOllSlllalltll(',/acol,illl('lllodtollrodll('l'IIII'Silllll·III'i!.]'('l'ol"l(,cllnJn
III pml't.i('I',OII(, IloLi(,l'sLlI<IL 1,111'('ITOI'ol't.c·lldl'('J'l·asl's v(']'yqlli('klyhva('I'I'laill
l'acLordllrillglll('lirsLI'('II'ill'rnLiolls,alldaft('rll'imls,LII('rnIl'ol'collv('rgl'll('I'slo\\,s
dOl1'11. Tllis lI'lPI)('IIS p'lrliclllnrly for 1I10s1 Cl·'/) applicaliolls 11'111']'(' tll(' j'oissOIl 01
Ill'llldlollz likl' I'qllaliolls an' solvl'd, For Illis ]'('asoll. 11'1' ('allllOI ('ollsid('J' ,);wohi O!




spars('lill('arsystl'llls, il'lll('('()('[li('i('lIllllatrix,llol'lllI'S\'st(,1l1 .. I./'=h('xisls illlpli('-
illy (vall d('J' Vorst. 200:3), A 1\1'\'101' 1111'1111)(1 sol\'('s 111(' SI'sl('1l1 (:1,,1:3) hy n·IH·,l1<·dl\'
p('rl'OI'llIillg Illillrix-v('('tor 1111111 iplicat iOlls ill\,(llvillg!\. St'lrlillg lI'illl all illitial gll('SS
I'll, it giv('s II10n' accllrale 'lpproxilllaliollS.l'k 10 a dl'sir('d SOllllioll, III il('rnlioll k, a
['ITloVIIl('llIodprodlll'('Sallapproxilllal('so!lllioll.l'k fro 11 I a 1\1'ylovspa('I'g('Il(']'all'd
hI' LlI(' VI'('lor "11 = () - 1\.1'11 (lpS('11 k i\leyI'I', ID~)8).
,/lk-I"II}
All ('Xalllp!<-ol'a I\r,I'lovlll('llIodisllll'gc'IH'raliz('d Illillilllal]'('sidllalll]('llIod(Ci\lln;S),
1I'IIi('II lI'ilS pllhlished 1)\, Saad i-.:. Sdlldlz (I()~(j), Th(, C:\II~I"S 1II('IIIIld lillds all ap-
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proXilllat.,'solllt.ioll
1Ii11 is "S slll,,11 "S possihll' on'r Ill(' SllilC(': i,l' /'k so!v,'s I!I(' I,'"sl sqll"r<' prohl"1I1
3.6 Iterative method for a nonlinear system
The IJ(JltlilJ("lrsyst.l'lIl of PDI';p;ivI's" lIoltlilll'"rsysl./'lIl Ofl'qll"liolls "ftl'rdisnl'liz'l-
t.iOll, Tlll'solllt.ioll ofa IIOII-lill('''I'SySt.''1I1 iSIlI<lrl'difli('1I11 t.Ilall" lill/'HrOII('
3.6.1 Newton method
IlIord,'rlosoln'I!"'1I01lIilll'Hrsysl<'1I10fl'Cjllaliollsill'raliv('1y,II','(,ollsidnlhl''\''lrlolI
ill'rnlioll Sdll'III1' h"s('d Oil lill('"riz"lioll of I Ill' prohl('lIl. L1sillg I Ill' ('IIITI'1I1 approx-
illliltiolloflhl'solllliol,,"dsoll'ilglh('lil(,ilrs."sll'lIlofl'q1Ii1lioIlSlh"lilris('sfrOlIl
t!J('lilll'arizalioll,illl'o!villp;a,l,wohialllllilll'ix.OII,'d('t.l'rlllill('slh('llI'xt"pproxilllil-
t.iOll (L,'vI'II'I(" 2(07). Th" SOlllt,ioll of t.Ill' lilll'"r SYSII'III arisillp; fro 11 I t.Ill' ]\Jl'lI'tOIl
ill'J"lt.ioll (,"" hI' ohl"ill('d I'm 11 I "Ill' OIl(' of 1.11(' ahovI' IIl('t.hods ('ollsidl'r 11011 li IIl'" I
s,I'sll'lllofl'qwlliolls
qu)=o, (:lIX)
\I,III'r<' D is" 1I01l1illl'Hr fllll('lioll, SlIpposillp; Ilk' is "" "pproXilllill,' sollllioll of (:lIX)




of "Cjllat.iolls (3.,18) for""/'hollll'rorp;lohal it<'raliollll'l'h" l'I'IOSO!vI'"lill""rs\'sl<'1I1
of ('quatious (:1.50) \I'itli SOllle illu<'r or local iteratiolls. TIJ('r('['on" tll(' ,HTIIr,J(,\" of
I.IJ('solulioll li,r (:\.,18) 111'1\' d('I)('lld olllio\l' 'HTllral.('ly 111(' lill('ar SySt('111 (:I.GO) Iias
h('('11 solwd, Tlie lill('ar SySI('1I1 of (''!ualiolls (J.50) call 1)(' solVl'd usillg 01.11,\' OIl(' o!
1.IJ('1IJ('lliodsdiscuss('d ill s('cl.ioll :\':J. IUlllosl.oflll('('lil)ill'plical.iolls, IIJ('s\'sl('1I10f
('(plaliolls is wry larg('. TIi('rl'fon·.IIi("ll'plicaliou Of'llll('lll(HI ('..'/. .Jacohi. C:allss-
S('id('1 or I\rylov. for soh'illg a larg(·lill('ar SySI<'11I of (''!lIaliolls is (·XIH'lIsin·. IH'('aIlS('
I.IJ(' CPU tilll(, ilJ(H'aS('S draslically. 110\\'('\'('1'. lI'e ar('s('('killg all ('[lici('1I1 1I1(·l.ll(ld fOJ
solvillgl.llis typ(' of larg(' SYS\,c1l1 of ('(plil.tioIlS so I.lial,I.II('('OIl Iplll.,iI,iollalcosl. isO(JV)
luoLIi('r\l'ords, 1.1i(·cosLn'lIlaillsl'roI'OI'ti{)JI<d 10 lli(' 1lIllId)('r of gridl'oilllsN
III ord('r100l'tillliz('IIJ('ral(·ofcolI\·('rgl'lIc('. \I'('IIHI'('d('n'lolwda 1IIIIIIil('\'{,1
algoriIIIlIlOllillladapliv('lIJ('sli. \\'liicli liasO(N) ('ollll'l('xih'
3.7 An optimized multilevel method for non-linear
problems
TIJ('lIl1dl.igridllJ('lliodisall('[lici('1I1 alldpoplllaril.('ral.iv(·algorillllllforso!villgaLirgl'
lill('ar SySI('11I of (''!IliJlioIlS. Thl' 11I"ill 'Idv,"ilag(' of 1.11 is 11l('1110d is Illal, ('lIlployillg
gridsofdilf('relllllJ(·shl(·v(·ls.ill'rovid('sntpidcolI\·('rg;{·IJ('("i.".th(,colln·rg{'I\('('ral{·
isort('llill(!('I)('IJ(!('llloftll('siz('oflll('discr('tiz('dsyst(·III(,Joll(·sS:.\\·oo(!\I·anl.:200())
11(·ralin·r('laxat.ioll isappli('d Iilrsllloolhillgofth(' ('ITO!'. !\coars('gridmIT('{'lioll
is IIs('d. ill \\'liich Ih(' SIlIOOI.lI ('ITor is d('I('rlllill('d Oil a coars('r grid. Tliis ('rror is
illi<'rpol,JI('dlolll('lill(·grid.all(lislls('dIO('OIT(·cLlll('[ill('-gridal'proxilllalioll
For 1I01l1ill('ar I'rohi<·lIls. tll(' FilII Approxilllatioll SdJ('III(' (FAS) is all ('xt('lIsioll
to Ih(' lill('ar 1Illllligrid algoritlllll llial 1I('('ds illl al'l'rol'riat(· r('lax,Jlioll sdJ('lIJ(' 1'01
Sllloolhillg; 11J('('rror. The pn's('1I1 1I01l1ill(',lr ,dgorillllll issilllilar 10 11'11<11 \I·asd('n·l-
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oped ill Alalll (2011), 'I'll(' ~'1I111' al!',orillilll I,as heell 1Id1lpfl'd 10111<'1"1111111.1' lli'in'lI
CirCIII1IliOIl, 0111' I1111 ill leclillical difl'l'n'lw,' illl'illdes tlie IIS1' of 11 re~t1lrfl'd (;.\II\I':S
'lpproa('liforsllloolliillgl.ll<'lIolllill("II's\'sll'lll.All.llolIgIlllil'dl'II('lopllleIJl1llld'Trili-
(,1IliOIl of 11 ~ollllioll 1I1('11,od for 1I01lIill('1Ir lIow prohl"1I1S is olle sigllilic1Illl, l'Olllrihlltioll
oftliislll('sis,II'l'llillll'lIolprOl'id('dadel1lileddl'S(Tiptioll,tokl'('plli('tll('sis(,olll-
P1lcl. I3ridl.", 11i(' algorillllll [1Ikl'S adl'1I1111I!',('s of tll<' l\n'lolI 1I1<'lliod, I.'AS 111<'lliod,
'1Ildl\'an'lel t.rnllsfor1l1ill I.lil'II'il\'llieSl'illfol"lll1lliolls'IJ'('pJ'('s"lIledill s('clioll:\';)
alld J,(;, NolI' IIO\\'I'II('l' Llml. liT l,avl'lIol. i'llrod,wed 1.1,(, W1III('ll'1. L"1I1Isforllllll<'t,!IOd ill
t.liist,!,esis
3.8 Summary
III I.liisdl1lpler, w(' Iia\l\' hril'fly illl.rodll(,l'd Ill(' IllllIl('ric,J! llll'tliodologv 'I'll(' proposl'd
1111'111<)(1 aillls tu t"ke advalltages of pOIl'(Tflll hili illdepelldelll ledllliqll<'s - I\n'lOI
IIIl'tliod, !CAS IIl('tliod, alld lI'an,I('1 1I1('lliod - ill ordl'r toJ!('I'('lop a 11<'11' ('Olllplll,JtiolliJ!
Illodell'orflllidfIOll'siIlIlJialioll,\Veli'I\'('pJ'('S('III('do11l"lllah'sisIOIl"11'llsllil'II<'edof
VVe li'IV(' pres('lIl.ed 1111' Iil'lIri~lic sl.ahilil.y 'IImly~is, sll<)\villg wll,v '111.1 11<111' 11 lillii<'
<lifl'l'J'('IWl' Sc!II'III<' 1II'Iy IH'COIIII' Ils('flll or IIs(,I('ss for CI.'I) 1Ippli("llioll~, Tllis allilh'~is
is 1101 iI f;lIl1iliil!' approacli ill t II(' liel<l of allllosplieric 11I0<l,'lIillg, \\'1' I,an' ill~o dis-
('lIss('d 11i('dirl"'J'('II('(' 1)('111'('1'11 i\IAC 'I lid Ill(' projectiolllll(,tliod '1I1d illlah'z('J! 11,11\' Ill<'
proj('clioll III('Lliod is IlloJ'('appli('ahll'ifall ad'lptil'elll<'sli iSIlSl'd
Tliis 1II1I1Il'I'i('allll('Lliodolog.l' is vnified hI' sillllJiillillg 'I sll('iI!' drivl'lI 11011' 'IS 11',,11
iI~ a lIalllral ('01l\'l'l'I iOIl flolI' ill t 1,(' lIext c11'lplcr
Chapter 4
Model Verification
TiJis ciJaplt'r pJ"('Sc'lItS Ill(' perforJlI'llI('(' of I,ll<' propos('d ildapli\'l' III('SiJ 1I10dc'l. III
ordc'rt,o\'l'ril'yt.iJc'llIoclel.l\\'()lypc'soffloll'iJilvehc'('llcolIsid('IHI, (i) liddl'ivc'lI C'll'il."
flow illld (ii) t.iJcrJllally drivc'll cilvit.y flo\\', Sillc'e t.hesc' f1oll's ill'(' C'OIIIIIIOIlI\' Ilsed 1'01
l'('rificiltiollofCTDcodc's, thc'J"('sliltsill'('lIsl'flil 1011llderstil IIdC011IIHllatiollilllll'II('Iils
oflll('pJ"('S('IIII1'ork
4.1 Lid-driven cavity flow
TiJc' lid-dri\'l'11 C'i\\'it .I' floll'isil('lilssi(,illl('st problc'llIlllilt iSCJl'lc'lIl1sc'd f,)rthc'ilss('SS-
IIlc'lIt of a Ilc'II' C'ollqllltatiollill lelllid DI'II'lIl1i('s illgorillllll, 1301<'IIil ,\,: I'('yr('t (I!J()K)
C'OlllplltedIH'll<"llIllilrksollllioIISofllwliddrin'IIC'ill'il\'f1oll'forl{(',I'lIoldslIllIlIll('rIO"
Ilsillgil Clwhysh"I' collo(';tt.iolllll('lll()d, Chin. ,,/ II/. (1!)K2) st.lldic'd 1II('C'if('clil'c'llc'ssol
t,!IC' IIllilligrid :llc'lhod for higll ne [loll', II'h('re' Ihc' fillc' IIll'sll SOlllliolls of lid-dri\'l'1I
f1c)\\'illasqllare('i\\'il."hal'ehc'ellobtaillC'd for l\e\'lIoldsllllIlll)('rSllplo IOlalld
IIl('slws(,OIlSist.illgofilSlllilll.\'ilS257xF.7poillts,13rJlIl('illl,\:.Silild (20()(i)sIIHlic'd 21)
lid-dril'ell ("Ivily floll' for variOllS l~eYllolds 1I11111hc'rs '1I1d prol'ided hc'lldllllilrk re'slilts
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forslcHdyHlld!)(,l'iodicsolllliolls, l'clIge/ld,(:200:3)o!ls('I'\'('dl,lll'dil'('cllllIllll'l'icid
S011l1.io11 H!lOIlI. t.Il1' I.I'HIISil.ioll PI'O(,('SS fro 11 1 LlIIIillHI' 10d"1OIi(' flow illSq"'IIT lid-dl'il'('1I
('Hvil,I'f10Il'S,
III ChHp"'l' 2, 11'(' hH\'(' ddill('d 1,111' \'{'lo('il,I' s('HI(' U = y,-lL':::"O, Hlld o!l\;li'll'd H
dilll('IISiolll('sSSI'lol'('qIlHliOIlSf()I'(,Ollpl('dlll'ilIHlldIIlHSSII'ilIlSI'<TplH'1I01lIl'lIil. \\'('
sc(' I hHI Ifi. = th = f.-, 11'11('1'(' U ('HII 1)(' (,ollsidl'l'l'd il Ivpi('id ('lIi11'H('Il'l'isl i(' \'(,Io('il\'
S('ilil' , whidl isilldcpl'lIdelll ol't::.OI'OI' I?i =0, 111'1I('1',lhl'l'qIlHliollsol'llI'odillll'lIsiol"d
lid-dl'iv('lI(,ilVil.,Y flow ('ill I l)('d('l'ivI'd I'rolll 1.111'1.1I1'('(,dilll('II"iOIlHI ('qIlHlioll" (2,:2:2-
2,:25), IIsillg ff,(.) =0,1,=0 Hlld Ni =0 slld,II"ll
VII VII'
n.;+i); =0,




WhCI'Cllill,d 1I"IITl.hl'VI,lo('il.v (,OlllpOIlI'lIls ill t.Ill'hol'izolll.HI HlIllvl'lti('Hldil'l'('lioll"
ITSl)('eli\'{'ly, /1 is Ihl' pl'('SS1ll'(', Hlld N(, = S' i" 1111' HI'\'lIolds 11111111)('1
4.1.1 Geometry and boundary conditions
1,1'1 liS HSSIIIIII' IhHl.lh(' f1l1id is ('0111 Hilled ill H sqllill'l' dOlllilil1. Sl = 10,1] x 10, Ijll'ilh
kllo\\'lI flow l'OlllliliollS Oil ,dl sidl'S, NOl'lllilll,\' OIl(' sid" is kt'pl IIlovillg so 11,,11 IIIl'
IllIid illsidl' I.I,e ('olll.ilill('l' is dl'il'('11 by 'I Slll'ill' "II'''SS, Till' gl'OIlIl'I.I'V illld 11()lIlldill'V
('olldil.iollS ill'l' SIIl)\\'1I ill Fig1ll'(' ,1.1, 1301l111I'l1'V ('()lIdil.iolls 1'01' 11,(' 1'('lo('il.,\' fi,'ld HI'(' t.Ill'
11 lO\'i IIg lid \'('lo('ilyat,IJlclop\\'HIIHlld lIo-slip('()lIdiliollsl'orll 1('\'('locil\'('OIl'lIl)II('lIls
al I.lll'!lollolll\\'illl Hlld 1.ll'osidl' \\'alls, Th" IIl1id illsid,' Ill" (';\\'il\' isillilialh',iI l'('sl
'I'h('1'('1'01'(' 1111' 1)()llIlllill'\'('OlldilioIlSill'l'











Figllrc ,,1.1 Lid-dl'ivCII caviLv 11011' ('Ollfigllr;lI,ioll. '1IId hOlllld'llj' ('oll(liLiolls 'I'll(' Lop
\\'iIIlIIlOV('S at a dilll('lIsiOlllcss cOIIslillll, spccd 1\11 o!licr \\'il1b mc fix('d wiLIi n'sl)('!'!
!ol,II('('oordillaL('sys!('1I1
CIIAI'TEH -'I, l\[OI)EL VEHIFIC'A'I'ION
1/ = {(1 = 0 al z = 0, ,I' = 0, '1I1d ,(' = I,
1/ = 1/' = 0 ,11 I = 0, \;f(,I'..I)) E II
TII<' proposed 1'II11y illlpli('it.ad'lplil'('III1i1lil,'v,'llll<'lhod hasIH"'1I appli('d losillllil'll('
1II<'Iiddril'('lI('iI\'il,,,f!OI\'iIlOl'd,'rlol('sllll<'lIl1l1l<'ri('al,I('"Ilra('\'alldtll<'l'iI','('lil'('II<'SS
ol'lll<'lIlod,'1
4.1.2 Reference numerical results
Tll<'lIl1l1l<'ri('allll(lll,'lwasd('snil)('d hy l3oi<'lIas.:. Pe\T,'1 (1!J!)8)alld Chi'l '" ilL. (I!J8:2)
whi('h is ('ollsidcl'l'd as iI rl'f"I'l'II('I' II11H"'1. ThC' [';o\'('rnillg l'qw\lioIlS or Ill<' rl'f,'1'<'11 ('"
IllodC'1 aI'(' also giVI'11 hy t.h(' ('IPlilliollS (.1.1-1.:1), Th,' hOllll<lilry ('()lIdiliollS ,111<1111<'
prohl"lIlg,'olll('t.ryol't.h,'rl'f('ITII("'llIodel'II','L!l<'sall1<"lsdis('IISS,'diIlS,'l'I.ioll,I.I,1
ThllS, t.h('('qllaliolls, hOlllldary('olldiliolls, '11 I< ! pal'illll('I,'rsol'lh,'r('I','r"II<'I'IIIOd,'I,JI'('
Ill<'salll,'aslhos"\I,,'hil\'('(,ollsideredilllllissel'lioll
4.1.3 Numerical results
Th('lilll,'d('jl('II<!"1I1 "'1llat.iolls(<I,I-,I.:l) h'IVI,lw"lIso",,'d Ilsillgtll<'pl'Opo'l'd 11I,'IIIOd,
",11<'1'(' Ill<' hOlllldary ('olldiliollS \1',,1'(' illi<'rdlallg('d so t.hal allY or 111(' 1'0111' hOIlII<I-
'1I'i('SIIIO\Tdala('ollstalllsp(','d,I'(ll'i1fixl'd/?I',\I'('hal'('8 1I11111<'ri('al,'xlwrilll<'llls,
d"lll'lIdillg Oil th,' ('hoi(',' or Ih,' IlIovillg IlOlIlIdary alI(I Ill<' IIlo\'illg direl'lioll, 'I'hes,'
,~xperilll('lIls provid,' 'I goud (TOSS dl<'l'killg 1'01' 111I11IC'ri,'al ('1'1'01', alld ITSIIII S 1'1'0111 011<'
oI'L!I<'S"('Xlll'l'illll'lllshal'(,lw('lIpl'<''l'lIlcd",ilhholllld'II'.\'''oIl<liliolls,a.sd('snil)('dill
Figlll'(' ·1.1,
'I'll<' horizolltal \'('!o('ily fi('lds 1'01' nl' = I():! al 1= ,10, ,IS. alld SO '11(' ShO\\'11 ill
Figllre ·1.2, C'lmrly, \\'(' SI'"~ Illal Ih,' l'('lo('it.y li,'ld has 1'("ldl<'d a si 1,,1('" slall': i,l', Ih,'
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wlociLy lield does 1101, Cllall~(' si~lIi1icalll.ly if j,ill](', I, is ill(']'("ISl'd 1\1. lolV If,', Slldl iI
slIeilrdriv('llllolVllilsasi.<'i1dyslill.<'sollll.ioll,II'lIichllll"\IIsl.llill.lll('lllIlllericillllll'l.lIod
IliI,' ('olllp\ll<'d I lie solllj,ioll of the I'DEs, Tile horizoll!i11 velocily profil('s, II(O,G,Z),
aloll~ a \,(']'tical lille aj,.r = O,G for resollllioll IGO x !GO alld HI' = 10:( ,lI'(' shO\\'1I ill
I,'iglll'(' .1.:3, Tile (,olllparisoll of tl](' presellt reslIll wilh tile ('olTeslHlI](lillg 1II1IIIeri(,i11
daj,i1 presellled ill Clliil I'! Ill. (1982) is ShOWl1 ill I,'iglll'es .I.:\(a), ill](lll](' ('()lllpilrisoll
willl 1,1](' ('()IT('SPOlldillg 1I11111('ri{,ill dilj,a pn's('llj,ed ill l3ol.ella 1-.: l'i'yn'l. (19D8) is sIIO\!'11
ill Figlll'c'I.:\(h), Fro 11 I Figlll"'s '1.:3(a) illld 'I.:\(h), lVi' ohsel\'(' j,lmj, 1.1](' pn'S('111. reslllt
is ill good 'lgn'i'II11'111. wij,lI j,lle n{en'II('(' reslJlt
Lel liS pn'Si'llt I.lIe \'('rtie,JI \'('Ioeil.v lield (11') for!?1' = I()'! at 1 = ,10, ,I!'), 1\1](1 GO ill
1,'igllre,I.'1. '1'1](' \'erli{'ill velocily profiles, lI'(.r, 0,5), alollga horizollJ;llliIH'al z =O,G
for resollltioll IGO x IGO alld !?I' = It)'! arc SIIOII'1l ill Figlln' ,I.!J, Tile COllll'ilrisoll
of 11](' pn'sl'lIl n'slIll. wil.h I Ill' COITl'SPOII<lillg 1lIlllli'ri{'al dala pn'sl'lll<'d ill elliil I'! III
(1982)isshowllilll,'igures,I.S(a),alldcolllparisollwilllllli'i'OITi'Spolldillgllllll]('ricill
daj,a prl'sl'lIl.ed ill GoLella ,\; Pl'yrcL (HJD8) is sllolVII ill '1.5(h), Jlrolll !,'iglll'l'S I.S('I)
alld "I.S(h), IITo!Jsl'rvc I.hal.l.heplTsl'IlL n'sllll. is ill good agn'l'lIll'lll. wilh II]('rdcn'I]('l'
reslllts
4,1.3.1 Spacc and timc adaptivity
Till' spilliillll]('slI is adapit'd hased 011 tl](' to!<'I'I\lll'l' (j,haj, is IIs1'd 10 filtn 1I'1I\'el'"
1,1"1 11 Sfor 11 I cl)('fliciellls, Olle pnllllisillg advillllagi' of j,hc Wil\'(,li'l haSl'd Il'{'hlli(I!](' is
j,llal. 1.1](' w<I.\'('lel. j,nlllsfol'lll idellj,if'ii'S I.lIl' grid poillj,s I.Ilal. lW' s!.;ll.isli(',J! olll.lil'rs, III
ol.lIerwords,diseardillgj,hosegridpoillj,sl.hilj,'I!'CllI'lrked'lsolItliersilci'ordillgtoil
givelllTitcrioll, I.hl'COIlIPlltcd SOllllioll j,hal. isohlail]('d alllollg 1,11(, n'llIaillggrid poillls
willrelaill'III'I<'('llnli,\'IJiISi'dolltlli'tol('nlll(,i',llhas1)('l'lIsIIO\\'llfl'OlIllIl,JtIl('lllilli(,i11
Ill1alysisas\\'('llasfrolllllllllll'ril'all'Xlwrillll'lItslhal.llll'erl'OrOfSlleha,lI'a\'i'li'tfilll'rillf!,
C'IIAPTEH -I, i\IODI-:L VEHII:I('A'I'IO '
i~ O(), I.'iglll"e ,I.G(a) ~how~ LIIl' Ilmiy,ollLal I'elo("itv Ilmlllgll Lh(' v('lti("al ("('111.1'(' lill<' 01
poillt~ ("OIT('~POllllillg to dilkn'lIt vallle~ 01" ( Ill"(' al~o givell ill Tahl(' 1.1, ('1('llrl\', Ill<'
11111111ll'r 01" ).';rid poil1t~ imT('aS('~ il" (dl'cI"{'as('s, The n'slIll, pn'sl'l1l<'d ill I,'igl\l"(' ,I.(;(a)
shows thal Ille hOllmlarv lay(T is resoh-cd IHTI Ira 1<'1\' despit(, a larg" ermr to!<-r:JII("(' (
oril"asl1lalll1ll1l1h<Tol"gridpoil1tsheil1gllsl'd,
\Ior"()\'l'r, ill 0111" ad'lpLivl' IIl<'sh appm'H-IJ. 11'(' II<'"d ollly :1"IIG (I'm ( = 10 :1)
grid poillLsolll, 01" [GO x [tiO, wllich is abollt G,2% ("Olllp'l,n'd 1.01.11<' grid poilils l!"'d
ill Chia ('/ (/1, (1982), alld ahollL 13,3,1% ("olllpar('d to \I'11i1l wa~ IIS('d ill notl'lla ,\:
P"yrel (19!J8), l.'mll1 Ihis ("oll1parisol1 il is Ilppan'l1l thal Illl' 111111]('ri("al n'sldls an'







'I'abl<- ,1.1 'Jl1l1d>t'r 01" grid poillls liS a 1"1111("tioll ol"tl](' toIITall('(' (
111 Ihisad'lplivl'III('shappm'l('h,t.h('spat.ialsll'psizeD..risslllall ill Ih"n'giollol
l.I]('hOllllllaryla.\'"r,where'lslIlallD./isl]('edl'd.'vVCl,()lddlIS1,,\LII'geD./a\l'avl"\'()111
Lh(' IHIIIIIlI'll'.\'lilY"1'. wlll're D.,r is lar).';I', 11()\\'('I'I'r, 1.111' tillll' ill1<'gmlioll ~d](,lIll' l'l'<l'lin's
t.hat. t h(' l.il1ll' sl"p IIll1~t \)(' "«l1al I"or I'a("h grid POill!.. 1I111('ss all adl'llIll'l'd lo("al I illll'
sl"ppil1g Sdll'lIll' is IIs"d, 111 Ihl' pn'sl'l1t work, II'l' IlilI'I' IIsed a S('I'ollll ordl'r 'HTlIrale
('r:JlIk-:\licolsollll]('t.hod for both 1II<"HI\'ccliol1 al1d tl](' l'iS(,OIlS Il'l'I1IS\I'itha fr,l('liollal
CIIAPTI·:n -I. 1\IODI':1. VEHWI('A'I'ION IX
sLI'pprojl'('Liollllldllod f'mlll(' pr('ssllrcgnldi('IIL U'rJll 1I00vI'vI'I", Lh('lillll'sL('p, 6.1,
has also h('I'1I 'Idapi<'d hasl'd 01111](' CFL lIIIIIJi)('r. 1\ Illaxillllllll CI·'I, 1llIltJi)('r wilh
tllC'slllnll,'sL6..rilldi('alC'sho\\'slIlallalilll('sl('pshOlddhl'ir'IIlI'Xpli('illll('lhod\\'(,rt,
IIs('d. Figlll'(' ,I.G(h) sllo,,'s II,p horizolllal l'('lo('ill' Ihrolli-\h 11,(, "prli(',Ji ('('IIIJ'(' li'll' or
111('(',l\'ill',JlH('= I()'I rorCTL= I. 2. J.·I alldG. '1'1,(' lilll('si<'ps ror('olTI'spollllillg
CFL = I, 1, :\. -I. (j an' pl'('SI'111('d ill Tahl(' 1.1. TIII'sc' l'('slIlls ('olllirJlI Ihat a 1,11'1.';('





Tahl('·1.2: Tillll'sl(,p(,OIT(,SpOlldilli-\ 10 Lhp C','L 11111111)('1
('()]'(Iillg 10 11](' hOlllldnry la)'('r 111l'OI'I', Ill(' Ihi('kll('SS or a lalllillilr hOlllldal'l' lal'('r is





IciglJr('.1.7sllo,,·s 1.I1i11 I)olllldar)' Im'cr ,,·idlll. 15. (1('(T('asc's willlllll' ill(Tcas<'ornl'\'lIol,1s
1I11111!)('L HI', 11'11('1'(' 1111' I.Il('mpli('allogarilllllli(' slopl' is -0.:;. III I,'igllrl' ·1.7, a lilll'
lVil.ll alogaril.llllli('slo!H' -O.G lils wl'lIlVil.lt(,OlllpllLl'd hOlllldilry's widLh. Tllis tlll""IS
I.IIiIl LIIl'IIIIIII('ri('al r('slIlLorollr ad'lpLi"('lIl('sh IIIOd('1 is ill good agl'('('III('111 willl 1.11('
Ill('orptiulll'('sldl




Figure 11.2 llmiz:ont.al vdocitv field (1/) ,Lt (a) I = 40, (b) I = 45, (c) { = 50 The
\·clocitydoesnotchangcsignihcilntlyiftisincreascd







Figure 4.3 The horizontal velocity profile ("11.), along a vertical line at.7' = O.S (il)
COJllpari~on of the ~illlulated re~nlts frolll t.he present model with t.he corresponding
re~ults adapted frolll Chia el nl. (1982), (b) Comparison oft.hesimulat.ed reslIlt, flOllI
the present nwdel with the eone~ponding reslllt~ adapted from Botella &; Peyrcl
(1998).











Figurc'l.4: Vcrtical velocity field (11') at (a) I = 40. (b) I = 45, (c) I = 50 Thl'
\"(']ocityc!ocsllotchallgcsigllificillltlyiftisillcrcascd












Figure 4.5: The vertical vP-locity profile (w). along n hori;"onLal linc al : = (J.S (n)
COlllpari~on of Lhe silnulaLed resulLs frolll t.he presenL Inodl'i wiLh t.hl' ('oITcsponding
resldLs adapLed from Chia et Ill. (1982), (b) COlllparisoll ofLhc~inllJiatcd rcslllts 1'1'0111
Lhe presenL Illodel wit.h the corresponding result.s adaptcd frolll BoLella & Pcyrel
(1998)














Figllt'(> 4.6 The horizonta.l vclocity profile ('IL). along a vl'rt.ieH.llinc at..r = (J.5 (a)
S""t.ia.J Illcsharhpta.t.iolll'csllltsfort.Jll'wH\·clctfiltcl't.olcl'allec,( = 10- 2 . 10-:\,10 I,
LO- 5 , 10-6. Cleatlv wc ~cc t.hat. t.he crror io cOIlt.rolled accordillg t.o loil'nllll'l' (; (h)
Thc t.illle ~tcp adaptat.ion for CfL = 1. 2, 3, 4. 6. where a large CFL indicat.cs a
largc Lt. Notc that. an explicit. schcmc wOIild rcqllire CfL::; 1 Using Ill(' largl' CfL
valuc io a di~t.inct. fcaturc of the "re~cnl Illodcl
CIIAPTER..J :\10DEL VEBIPICATIOK
Figure 4.7: Boulldary layer \\"idth(c5) as a fuuclioll of I\cl"llolds 1lIII1JilPr(Hi) A lille
\\"ith a slope of -O.G fits \\·1'11 with thC' cOlllplltC'd rC'suIts.
4.2 Thermally driven flow
As a second tC'sl. cousidcrallotht'rpopu]arprobklll.thetherll"dh-driH'1I sqllareC";I\·-
it~, Hm'" that soh"cs thl' .\avier Stokes equatioll alld C'lIergy equatioll for illcolllprl'ssible
f10\\"s. De Vahl Davis &: JOIIl'S (l!J::lJ) orgalli;-:cd a cOIIIJl<lrisoll exercise to ca!clllal<'
lalllinar lIatural eOllvC'diw H()\\"s ill asquarC' C'avity lip to Rayleigh 1Il1l1l1)('r 10"' Abollt
10 grollps participat('d ill this C'xC'ITisC'. i\lost of thclII IIsC'd a !illitl' difi"I'rl'IICI' lIJ('thod
alld cOllfirllwd thC' ;\CTUracy of bC'nchrnark solutiolls. As thl' boulldan· la'·I'r aloul,'; t hC'
wall gd.s tl,illllC'l", till' How !WCOIIH'S 1Il0rl' diHirlllt to C"!clllatl' for ImW' a naylC'igh
llllluber. Qllere (1991) obtailled the oollltiollO of lIatllral cOllvedioll ill a square 2-D
diH·ercntiallv hcated cavity with adiabatic topalld bottolll \\"allo for valuesofna IIplo
lOS using a pseudo-opcctnll Chehyshev algoritlllll. i\laYlle et al. (2000) providcd thc'
stead.'· slatc and tralloiellt solutioll ofthenllalh· dri,·clI cavitv flm\" by thC' h-adaptiH'
fillite c1t'lIll'lIt IlIdhod fur Rt'Yllulds uUllllwr up to J()s. Frolll thiscolllparisoll ('XIH'r-
CIli\I'TEH -I. flloD!':" VI';HII:IC'i\TION
illll'IlI.,IVI'sl'I'I,llill.ll'I'llllllleri(,illreslIll,silITillgoodagl'('I'lIll'lll \\'itlll.lll'rl'i'l'I'l'lll'l'
sO!lIl.iolls
Tlie dillll'lIsiowd r01'l1l or tlil' )!,OH'l'llillg l'qllilliollS Or till' tlil'rlllnlh' dri\'I'1I I'i!\'il\'
1I00\'issilllilmlotlll'rOI'lIl('xplililll'd In·,\lil\'l1('l'/ol. (2000)nlld 1IIl'II0lldillll'IIsiollnl
fi>rlll is \'('1'\' silllilnr 10 ti,l' rorlll ('xplnilled 1>.1' Qlll'l'I' (1 1)1)1)
Tlieeqllnliollsort\HJdilll('lIsiOllnlllil'I'IIJallydrin'lI(,ilVil\'f10W(,'llllll'dl'riH'd rl'lllll
1111'11i1'('I'dillll"lsiOII,d('qllnliolls(2.22-2.2G),lIsillgf};,(-)=O,I'=O.{j=~,
I?i = I illld /,'/' = 00. IkIlCl' \\'I' gl'l




wliel'(' II,e 11011 dillll'lI"ioll,d par'lIllel.erSill'('ddilled ill Tnl>le2.2. \'Vewill explnilllll,JI
lliis dillll'll"iollll''''''' r01'l1l or gOVI'l'lIillg eqllnliolls Ill'lp" 11" 10 (,Olllp'lr(' 0111' IlIodl'lwitli
previollsly "illllJlnl1'd 11I'IIdllllnrk reslIlls
4.2.1 Geometry and boundary condition
Ti,l' flllid is (,Olllililll'd ill as'lllml'dolllilill, SI = (0. l)x(O, 1).wlll'r('iJn is I Ill' 1)()llllllm\
Orn,I\lIo\\·llfIOl\·('Olldiliolls,IITIIS(,dUllnllsid(,,,.i\diill,,Jli('l>olllldilr\,('olldilioIIS,II'I'
illlposedollllll'lopalldholl.OIIIWilllsrorl.lll'l.l'lIlJ)('ral.IIIT,'lIldI.lIl'VI'lo('il.il'''ill.,dl
I>olllldmiesnrezel'll, Tlie).',I'ollll'trvillld hOlllldarv(,ollditioll"'II'I'"I'O\\'1I illlciglll'("I.~
IlIitinlh- tlll'flllid ill"id(,tlll'(,'l\'ity isnl re"I.TIiI'l>olllldmy(,ollditiollsnl'(':
11 = 11,=0011 111(' I>olllldar\' un orn.
CIIAPTI':1l -I. 1\101)1,;1, V";IlIFI('i\TION
() = D,G Oil ,I' = D ;111(1 () = -D,G Oil ,I' = I D S ,: S I,












Figllrl' ,1.8 TII('l'llIally dl'in'll c'iI\'it.y 110\\' ('oIJliglll"1lt.ioll, ('o()J'dill;J!I'S, alld IHlIlll'!;11'I
('olldit.iolls
Thl' propos('d 1'1111\' illlplicit adaplin'llIl'sh IIl('thod liils IH'('II applil'd losilllltlal('IIH'
Ihel'lll'llIy driv('1I ('m'ity flo\\' ill order to Il'sl tIH'III1I111'l'il'itl aC'('llI'ill'\' alld Ill<'c'II'('('lin'·
1I('ssofth('llIoci<-1
4.2.2 Reference numerical model
'I'll<' 1I11111<'ri('allll(J(Il'I d('snilH'd by Qlll'!"(, (I!J~JI) is ('ollsic!l'l'c'd as Ill(' l'<'fc'!"c'II('c'IIHHI,,1
'I'll<' gov('1'lIillg "(I'",t.iolls of this rd('I'<'II('C' 1I10dc,I aI'<' also gin'lI by t II(' ('<ilia I iOlls ( I.;;
-.1.8), Thc' hOlllldal'l' cOllditiolls alld Ih(' prohil'11I gc'cJlllI'try oflh(' rdc'J"('II('(' 1I11HI('1
CIIAI''I'I,;n -I. l\IODI'L VI';IlIFICA'I'ION :,/
is Ill(' salll(~ as dis('llSS('d ill s('eI,ioII1.2.1 \V" Ilav,' also ('ollsid('I'('d Ill,' dillll'llsioll,d
(,flllal.iolls fro 11 I ~I;IYII(' ('/. Ill. (2000) for 1lIlllll'l'ic,d COIIVCl'siOll
4.2.3 umerical results
4,2,3.1 Dependence 011 the Rayleigh lIulllber, all
Th('l.illll'd(,p(,lldl'lll l'C/llaliolls(-I.!)-.!.ij) IlaH'h('l'llsol\'('d Ilsillg 111(' ProIH)s('d 111('1 hod
III ord('1' 1.0 sl.lldy I.h(' erl'eel, of 1.11(' nayl,~igll 11111111)('1' 011 III{' Ilow, Wl' Ila\'" (,olllll]('I,'d
silllltlal.iollsl'or 10:'::; R(f::; 11)'I,alld P,' =0.71. 1'1l('sl' Silllltl,JI iOllS h('lp liS 10 ('()lllp'll'('
Ih(' 1l10d('I's pl'l'r01'1llaII(T wilh Ihos(' I'('slllls Ihal W('I'(, also pl'('s('lll('d ill ,\la\'II<' '" 11/
(2000), For Ihl' cOlllpal'isOIl willl Ill(' I'd"1'l'IICl' l'('sltlls \\'C' ha\'(' pl'('s"III('(llh(' I'('sltlls
1'01' 10"::; 1711 ::; to". Thl' l('1I1J)('raI11l'e disll'ihllliolls (0). Illl' lo:l::; all ::; 11)" aI'('
sho\l'lI ill Figlll'(' ·1.0 IIsillg ('010111' COIIlo11l's. \\'1' OhSl'I'\'('d Ihal Ill(' 1('IIIJ)(,l'illlln' li"lds
hilv(' I'('ildl<'d sl.<"l(ly sl.illl'S which aI''' slrollgly d"IH'lId"111 Oil all ill I,ll(' \I'ilI' Ihal
0(1',0.5). alollg a Ilol'izolllallille al.: = O,S. 11('al' Ill(' hOlllldal'y I'or 10"::; all::; 10"
is PI'('s('lIil'd ill Fig11l'l' .1.11(a), 1:1'0111 Figlll'(' .I,II(a). \IT ohs('I'\'" Illal il' 1711 ill('l','as,'s,
Ill(' horizolllal gl'il.dil'lIl 01'0 d,'(']','as,'s. 'I'll<' "OITl'SpOlldillg l'('I"'I'{'1I1'{' l'('sldts adill'l"d
1'1'0111 i\la,YII(' ('/ (fl. (2000) al'l' also pl'l's('lIil'd ill Figlll'l' -1.11(!», Fro 11 I Ihl' COlllpal'isoll.
\\'C' OhSl'I'\'(' Ihal Ih(' l'('sltll is ill good ag1'l'('III('1I1 \I'ilh Ih(' I'C'!'('J'('II('(' l'('slIll
L,'1. liS pl'('SI'111 I.hl' v('I'liud v('locily li(,lds 1'01' 10" ::; 1711 ::; 10" ill I'iglln' ·1.10
Th(, vl'ltical v('locil.y profil('s, lI{r,Il.!)), alollg ,\ horizollLd lill(' al..: = O.:J, 11('ill·l.h"
!JOlllld,\I'\', aI'(' showll ill IciglllT .1.11(c) 'llld Ih(' (,OIT('spolldilll-!, I'('I"'I'('IIC(' I'('SltlI.S ill'('
p1'l'SI'IIi.<'d ill Figlll'(' '1.11(d), I'mlll I-'iglll'('s .1.11(c) alld 1.11(d), \1'" OhSl'I'\'(' Ihill 1'01
lal'g(' 1711 1,1](' IIlaxillla i 11 (']'('as, 'S. Dl'Spil(' 'I slil-!,lll disag1'l'I'III('111 al Iligh all. Ih,JI is
assoc'iall'd \I'ilh 11](' scal('s U alld L. and also l'OIlSid"l'illl!. Illal Ill(' Ho\l' tl'll<ls 10
l'erel'('II('I'I'e';lill,;
The hOl'izolllal v('lo('ih' lields It)1' 10:\ ::; Ho::; 10" aI'(' pl'esl'lll<'d ill 1"i~III'(' ,I.I~,
Frolll Ihis 1"i:';IIr<', II'C ohs('I'I'l' thal ir Ho ill('J'I'aS('s, till' ,;Iroll:.;(',;t 1'l,lo('ill' ()(,('III'S 111';\1
thl' lop (z = I) alld hollo\II (z = 0) hOllllllill'i(',;, SII('h a l'('lo('ity distl'ihlllioll is i1lso
('ollsislelllll'ilhlhl'll'IIIpl'I'iIIIII'('disll'ihllliollthali,;,;hOlI'lIilll,'i:';III'(',I.!l.\\'I'sl'I'lh'll
I.hl' del'('!opllll'III Or Ill<' 1.1 1<'1'11 lid IHllllldarl'lilyel' is i1l'esIIII Orl'ollvl'l'I.il'l' ('il'('lilillioll
ICroll1 Fi~III'I',1.12, II'l'oIN'I'VI' tllill.tll<'hol'izolll.a! v('!o('il.y dl'I)('llllsOII!?" ,I'; \\'1,11. Till'
i1dapl<'d 1111'slll''; r()J' lO"::; flo::; 10" ill'e pl'(',;{'IIl<'d ill l.'i~III'" ,1.1:1. 'I'hl'sl' 1111'slll'S slllJII
the disl.l'illlllioll or gl'id poillts rol' ('al(,lilalill~ or I.he sollllioll pJ'(',;{'lll<'d ill 1,'i).!,III'I' ,I.!J
ICmlll Figlll'l' ·1.1:1. 11'1' ohS('rI'(' thal lill'~(' n" 1'('!Il1il'e,; lilOI'(' ).!,I'id poillls alld that ).!,I'id
poillts'Ir<'I'OIIl'I'IIlraledlll'iII'tlll'holllldaries
4.3 Summary
II1 I.llis Chap! 1'1' 11'" IlavI' pl'l'Sl'lll<'d 1111' !)(,l'rOrlllalll'l' or 111l' pmpo,;{'d ,,,I'lplil'l' 111l'sll
111l,,!<-1 rol' sillllilatill~ 111'0 I."!)('s or IloII'S, I'irsl, 11'1' sllldy Ill(' 1IlIIIIl'l'i('a! sillllilalioll 01
a sheill' dril'l'll /lOll', Se('olld, lI'l'sillllilal(' allll'l'Illalh' <Iril'l'lI /lOll', Till'S(' 111'0 /1011'S aI'('
('OllllllOllly IIs('d ror leslill~ 11l'II' C'FD algorilhlllS, Fmlll I.hl' l'Olllpal'isOll, il is app'l1'l'lll
I.hallheadap!il'(' IIIesh sillllilnlioll orliddri\'('II l'il\'ih'/lOII' is ill good a).!,I'('I'IIIl'1I1 I"ith
tll<' da!;1 pre,;{'II!ed ill Chia ('/ "I, (1')82) '1IIll13otella ,,,- PI'\'!'el. (19')8), The ad'lpliv('
III1i1lilevel sillllilal.ioll or 111l' 1111'!'lllally dl'il'l'II 11011' ill a (,i!.\'iLI' Slllll\'S 'I ~ood 'lgl'('l'IIIl'liI
lI'iUlt!lill,ort\laylll' ('/.ot, (2000) '1IIlI (llll'l'l' (!!J!JI) '1IId Ule I'l'I'l'I'('IWI'S 1.1 I('l'ei II
1IIIIIellex!('hapll'rll'l'lI'illpJ'(',;{'IIIIIllIlll'l'i('alsillllilalioIIOr,1!1l',lIisLlIlllllolI"IIIl!






















Figure 4.9: TClllperature field (0) for diffcrellt Raylrigli Illllll!Jers (:1) Ha = 10:1. (Il)
Ra = 104 , (c) Ra = 10", (d) Ra = 10°. (e) Ra = 107 . (f) 11.0 = 10"



















Figurc 4.10: Vcrtical velocity ficld (w) for diH'('I'Pllt Raylcigh IlIllllhprs. (a) /Ill = 10:1.
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Figure 4.1l: (iI) TCllqwraturc profi\(', eon z/L = 0.5 IIcar boulldary. (b) Te'lIlperat lIl'C'
profile. 0011 z/L = 0.5l1ear boulldaryadaptcd ['rollll\layJl('!'l al. (2000). (c) Verticill
velocity pmfi!C', w/U all z/L = 0.3 IICiI.r bOllllclHl'Y, (cl) Vl'rtical velocity prof'il,', w/U
on z/L = 0.5 near boundary adapted ['mill Maylle el al. (2000)
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Figure 4.13: Adapt.ed grid. (a) Ifn = 10 1. (b) Ha = Hyl, (c) Hn = 10". (<I) /{o = JOG,
(c) Ha= 107 , (f) Ha= 108
Chapter 5
Numerical Simulation of Heat
Island Circulation
ThisdHlpler pn's"llts Ihl'lllllll('J"ical silllldatioll of all idealizl'd h"ill isl;llld circlllatioll.
II·h(,I'(' Ill(' effects of Ih" (';lrlh's rol.atioll an' IH'g!eclt'd. TII(' gOl"'l'llillg "'I'"lIioIIS flll
n'pn'sc'lllillg a stahly slralifi,'d dry atlllOsphl'H' i1re ohlailled fnllll Ill(' diIlH'llsiolll,'ss
eqllatiolls (2.22 - 2.2G). Ilsill)!; it,(.) = () alld I' = () for fllrlll('r Silllplifimtioll so thal
11'(' call silllldat(' cilTldatioll ill a 1'('J"lical plallt'
5.1 Governing equations
SillliLlI·l.o tl'l'llIaIIH'III;lticalllloc!('1 plTsc'llIed ill Niillo I'! al. (2()()(j) 'IS 11",11 asillDllhois
& Tllllzalli (200!)), wl'o!>l.aill till' fullull'illgsc,t ofI'DI';s
f!i(~Vn;; iJ.r~ (S.l)
CIIAI'TI';H;'. NII~lloHI(,AI. SI~llIl,ATION (W IlloA'I' ISI.AND CIIWlIl./\TION (j;1
(;'.1)
IlVlhl'fOI1l'1I0Ildilll('lIsioIlHlpilr,ull('\ns!?II.l?i. 1',.Hlld I,',.. LJsill!!.Hfixl'dl)rillldtl
11111111)('1' (" . .'J. /',.= I ill LIII'! Ill, (1<)')7); NiillO I'! Ill. (200(i)ilUd 1',.=O.il illl)llhois
:i..: 'J(IIIZHlli (200~J)), I Ill' flow rq~illll' is de\.(Tlllilll'd hy 1.I1l' 1I01l1ill("lr pilrilllll'll'rs I~II.
I~i illll I I,',.. \!Ve will d is('IISS how t.hl' ('irclIl'lt.ioll is Hll'l'cl ('d i I' 1.IIl',';(' pilr;lIlll'll'rs Vill'\
5.2 Geometry and boundary condition
('lloosill!!.llll'lIloslilppl·opri'lll'hollllllal'\'l'ollllitiollsl'orsllchilSilllplilil'dlllodl'lol
11(',11 isLull1 "irclllillioll ITlllaillS l'ilillll'llgillg;. As dl'snil)('d ill Niillo '" Ill. (2()()()), il
h<'iltislillldflllidflowisntvpicillhorizolllilll'OIIl·l'Ct.ioll'ISilrl'SlIltoflll"lt.illgilltlll'
\'('rli{,illdirl,('tioll,Sollll'{,Olllpll\;lIiollilldOlllililllll'('dslolll'\'('I'\·lill'l!."OrlllJ!)(IIlIIlI,'d
ill th(' horizolllal din'dioll, I' . .'J. Sl'(' I he dis('lIssioll ill Dllhois s.: TOII:'.illli (200!)).
TIll' l·olllplltat.ioll,J! dOlllHill of I Ill' pn's('lIt. SillllJ!ilt.ioll l'Xt.l'lIds 1I01l-dillll'IISioll,J!
i.I'., n = (-+.+) x (O,Z) Hlld ull is I.IIl' hOllllll'lry of Il. A l'ilill'i1('ll'risti(' I('II!!.III
s('HI" D = I lOll. \I·hi('h is the widlh of th(' Ill'ilt islillld. is Ils,'d 10 11 lil kc, th(' dOlll'lill
dillll'lIsiolll('ss. 11(,11('('. I Ill' horizolll'll l'XI<'lIt 01' Ihe dOlllilill is.\ = 10 kill illld 111l'
\'('rt.il"ll l'xl('1I1 is Z = 1 lOll IIIJ!l'SS ot.h('l'\\,is(' stall'd. TIll' ('OIIlPIILlt.iollill dOlllilill is
prl's<'lIll'd ill Icigl1l'l' S.I, \I·IIl'n' I Ill' hmizlllllill l'Xll'lIl.. D, of t.Ill' 10{,illizl'd IIl'ill SOIlITl'
is illsoshoIVII. Thisdolllilill is \I'id('('01 11 par"d \I'ith ilslll'iglll
Th" IlIlholllld"d propagillioll ill till' Ilorizolltill {'ir{'lJ!,lIioll {'HII hl' 111l)(1"lll'd "it Iil'l
IIsillg; a periodic bOlllldHry cOlldit.ioll or IIsillg il Nl'llIlIilllll hOllllllHry {'olldilioll ill Ih"
('III\PTI':1l 'i. NlI~II';IlI(,I\L SI~IULI\'I'ION CH' I LE!\T !SLI\ND CIIC('lILI\TION
horizolll;)ldir('('l.ioll,i.('.oll!;)ll'I';)II,ollll<l;)ri('s.llIlh('\,(,rli(';)ldil'{'('lioll.tlu'I'l'!<H'il\
(,OlllpOIl('lltS s;)lisfy /I = /I' = 0;)1.: = 0 all<!': = I, alld Ih(, 1<'11I1)('ralllr(' salisfi('s
0= 0;)1..: = L ('.g. NiillO I'! /11., 200G). 1\1..: = 0, all isolilt('d slll'fa('(' Il('alillg is
illl.rodll('('dby
0(,1'.': =0,/) =00 (,1')
\\'illl
L( (2.1'+1) (,).1'-1))OO(.I')=:Z I.allll ~ -1<11111 =--:u:- . ('i,S)
\\'lu'I'{'( =2.'ix 10-1 . 1IIIJIIbois,,\: cll>lIzalli (200<)).III('I'l'lo('ilv 1""IIUlal'.\'(·ollditiolls
ar(' lIo-slip, i.l'. /I = /I' = () Oil all bOllll<lmi('s. III Niillo I'! Ill. (200(i). Ill(' 1'l,lo('ih
bOllllt!;)r\ ('ollditiolls m(' free-slip. i.l'. /I = 0, 'If; = () 011.1' = .'\/2, ,111<1 ~ = 0,
/11 = () 011': = 0 ;)1It!.: = l. \V(, h,"'(' I'011 lit! 111;)1 Ih(, lIo-slip 1'l,lo('itv ('olldiliollS Oil




-t 0 ~ x2
I,'iglll'c' G.I COlllplll.al.iollal t!olllaill ;)lId slll·f;)('(, 1I(',i1,illg SOIlITC' of Il('al. is[;lIul ('iITII[;I-
.\IIII1('ri(';)1 Silllllblliolls 1,;)\'(,I)(,c'lI (,olllpal'{'d \\'iU, tll(' I'{'sllllsobl;)illc'd frollll)lIbois
,I,. TOllzalli (20()<)). pro\'idillgqllalllilali\'(' c'slilllal(,solllhc' IIl<ll!C'l's !,,'rfo1'1lI'lIu'c' 1'01
('111\1''1'1';1( 5, NLI~II':I(IC1\L SI~ILlL1\'I'ION OF "1~1\'I'ISI,1\NI) CIIWlIL1\'I'ION (i7
Ho = IO:!, IOl,alld 10", Olrl'('sIJllsalsoll;\\'("I~Ood'll.',n'C'"I('111 II'itlllhos('frolll i\iillo
('/III,(200(j)c1('spiklllilldiff('I'('IIIl'.ovC'l'lIilll'.('qllHliollsalldhollllclm,l'c'ollclilioIlS\\'('I'<'
5.2.1 Comparison with reference model
III Dllbois.\: TOllzalli (2009). a 11I1I1I('ri('allllcHlc,1 for Iwal islalld ('ir('II!;llioll lI'as 1'1'<'-
sC'III.('(1 whc'n' a fill('r fllll('lioll lI'as IIs('c1 10 IllOdify Ihc' ('ollvc'I,t.ivc' 1,'rIlIS ill 1111' I lI'a I
"qll,lIioll, whiell was paralllc'i.riz('c1 by T If')' = 0, 1.111'11 LlII' ~'lV('rllilll'. c'C!lIaliolls
of Dllhois.'\: TOIIZillli (200!») mc' Ihc' salll(' as Illosl' pn'sl'III('d ill (G,I)-(S"I), This
filkr fllll('tioll a{'ls lik,'all arlili('ial spollgc' la,l'I'I' III'ar Ih(' lal('mIIH111I1(Imil's, \1,11('1'<'
1111' ('ollvI'{'lil'(, 1('llIp('mllll'<' has h"I'1I dall'i)('d thl'OlIgll Ill(' olllf!o\l', Fro 11 1 Illis p;)I'I'l',
Iwllilvl'(,ollll'al'('c1t.h,'I('lIlpl'r;111II'C'pl'Olill'sO(.r,O,G,'I'),O((),-::,T)alldv('lol'il,l'pl'Olil('s
lI{r,O,S,T),II'(O,-::,7'),lI'hjl'hSI'l'I'(';)slh('C!"'lIlt.ilalil'l'v('rifil'aliollofolll'sillllJialiolls
Thc' gOl'c'l'lIillg c'qllaliolls of Niillo ('/ Ill, (200(j) ill'(' IIIC' salllC' as Illosc' IIs,'c1 ill
Ihis Ihl'sis c'x('('1'1 111i11 Niillo t:I Ill. (20()(i) IIsl'd Ih,' hllOl'illll'.l' c'qllalioll 10 l'<'l'la,','
LlI(' IC'lIlp('mlllrl' ('qllal.ioll sillg c1iff('I'('1I1 s(';)lillg panllll('I.<'rs, Niillo ('/ Ill, (:i()O(j)
prol'idl'd a IIlaLlI('1I1ill.i('al illlalvsis, ('xphillillg variolls 11011' r('gillll's TII('s(' I'<'gi 11 I('S
aI'(' ill agl'('('III('1I1 willl wllill. \I,,·IIil.V(· fOlllld fro 11 I 0111' si 1111 Jlal.iolls
5.3 Numerical results
5.3.1 Dependence on Rayleigh number, /70
h('rs, \I'C' ha I'" l'ollclll('l('d sillllJlaliolls for II)'! S HII S 10", I',. = 0,71 Hi = I. ;)1Ic1
F,.= I, Thc's(' sillllllaliolls ('xhihil floll' l'<'gilll('S\I'il.ll ill('J','asillg HII, as\I'c'lI ;)Sh('lpliS
CI!APTEH 5. NlI~IEHIC;\L SI~IIJI,ATJON 01' II"AT ISLAND (:IHCIILATION tiK
locolllpal"(' Ill(' 1I10(!<'I"S )H'rforJIlallC(' \\'ilIJ IIIOS(' reslIlls IIJal In're prl'S('III('d ill J)11!>ois
,\,: '1()lIzalli (2009) for 10"::; RII::; 10"
First.. 11'(' Ilay(' o!>s(,],Vl'd 1.11'11, Ill(' flow II'IS a Strollg d"IH'lld('II('(' Oil Nil ill Ill(' \\"1,\
1.11,11 a qll'lsi si ("](1,1' stM(' of 0 is reacIJed as 1"lrl.\' as I::; 15 for I?II = 10:'. 'rllis Ilas
I)('ell delayl'd \I'ilIJ 'Ill ill(']'('aSl' of HII, \I·IH'rl' 0 I"('adl('s a sl<'ad\' slal<' ,11 1::;:\0 fOl
HII = )0 1 alld I::; GO for HII = 10". l\lorl'OI'('r, IIJe flo\l' dOl'S 1101 rl',]('IJ a slI',](I,I' slall'
for I?II:::: IOn SiIlCI' Ill(' gOI'\'rJlillg l'qllaliolls. !>oIIlHlan' \,olldilioIlS, allll par'III1('l<'rs.
,\,; T'ollz'llIi (200!)), a l'Olllparisoll l'IISlIrl'S 'I (TOSS dl('\,killg for 111(' pr('Sl'lll IIHHI(,I's
perfonllam'('. TIJl'S<' 1('IIIj)('ralllrl' dislri!>lIliolls aI"(' sIJowII ill Figllrl' G.2 IIsillg \'010111
('olllollrs. TIJe 1('IIIjH'mllll"(' profill's. O(.I'.O.G.GO). alollg a IJorizolllallill(' '11: - 0.:,.
for I()'l ::; I?II::; [0" are PI"('S('III<'d ill Figlll'(' G.:I(a). I,'rolll I,'iglll"(' :J.:l(a). \1'(' ol>s(']'I'\'
t.11i1t if I?II illl']'I"Is<'S, I.Ill' Ilorizolltal gradi('III, of 0 alollg 1.11\' lilll': = O,G ill(']'\,'IS\,s
TIJe ('O!Tl'SPOIHlillg rl'fl'I"('I)('(' I"('SlJiI adapl"d fro 11 I DII!>ois ,~. TOllzalli (200()) is sll\)\\lI
ill Figill''' 5.:3(!». TIJel"(' is 'I sligIJI disagl"('('11I1'1I1 IIl'ar I IJ(' !>olllldan·. TIJis is 11I'lilll,l'
dll(' 10 Ill(' sllIall('r COlllplllatiollal dOlllilill of Ill(' PI"('s('111 III0del l'olllp'lInl 10 IIJal 01
IIJl'rd"I"('IICl' Illodel. NotctlJal, IIJ"rdcrcllc('IIH)dcllls"d 'I filtnfllllclioll fordalllpillg
0111, 1.1](' S011l1io11 arlifi\'i,dlv Ill',lr 1.1](' !>OIIII\\;I!'.\" Oespit" a lill.l" dissilllif'lril.\' 11\"lr 1,1]('
!>olllldar.\', prl'selll rl'slJils arl' ill good agrl'('IIH'lIt \I'ilIJ 111\' l"('f"I"('II\'(' rl'SlIlls
Agaill. IIJe 1('IIIj)('mlllrl' profil<-s. O(O.:.(iO). alollg a I'\'rlil'al lill(' al ,I O. fOI
10"::; RII::; 1O"ilreprl'S('lIl<'d illl,'iglll'e5.:I(c). ilIHIIIJl'COI']'('SPOIHlillg l"('f('r('IIl'('rl'SlIlls
,JI'(' prl's<'lIled ill Figlll"(' 5,:3(d). ),'rolll 1.1](' cOlllparisoll, \1'(' o!>s<'r,,(' 1.1,,11 111\' I'l'rli('ill
gmdi('1I1 of 0 d('(T('ilS<'s for Imgl' I~II. '1'11\' I ('I IIj)('ril I 111'(' prolill's illOlIg a \'('rli\',d lill\'
IIJrollgIJ 1,11(' ('('111]'(' of IIJ(' \'ill'ily IJm'(' a good 'Igr\,clllelll \I'illl IIJ(' r\'f"]'('II('(' rl'SlIlls
1.\'1 liS cOIIsid"r 111(' 1'('1'1 i\'ill l'l'locily fi"lds for 10:' ::; HII ::; 1O~. \I'IJicIJ 'IJ'(' prl's('lIl<'d
ill Figllrl' 5.·1. TIJ(' \'('rlical l'l'locily profil('s. lI1(.r. 0,5, (iO) alollg 'I IJorizolllallill(' ill
CIIAPTEIl 5, NlI~IEIlICAL SI~llILATION cw HI';AT ISLAND C!I<C\II,,\TION (i')
;: = 0,5 for IO:! ~ Uo ~ Ill'-' m(' SIIOII'II ill Figlll'(' 5,5(a), alld tll<' ('OITI'sIHlIHlillg
I'l'f('I'<'II<'('I'<'sldlsal'<'illlciglll'<'5,5(h), 1"I'OIIII.II('('olllpal'isoll,II'('ohsl'l'\'I'lltal 1'01
l'll'g(' Ifll lit" IlIaxill"l I.ltal O(TIII' II<'al' ,r = 0 is also It i!!,1 I I'm holll ('as('s, i\gnilllll('
('Olllpal'isOII for I Ill' Vl'l'l.ical vl'locilv pl'Olill' (1'(0,;:, (iO) al(lIIg 'I 1'('l'li(',d lilll' ,11 ,r = 0
is pl'(,s"lIl('d ill Figlll'(,s 5,5(c) 'I lid :J,5(d), I''nllll 11t(' ('Olllp'll'isOIl II'l' OhSl'I'I'(' Iltal Ill('
lal'g('st no pl'OI'id"s alllaxillllllll \'('l'tiC'<d V('lo('ih' Ill'al' Illl' poilll (0,0,5), 'lIlll slI('h 'I
IlIaxillllllll dl'('I'l"ISC'S if Ifll illlT('aS('s, This ('Olllpmisoll SItOII'S a good 'lgl'<'('III1'111 \I'itlt
1,1t('l'cI'l'l'('II('('I'<'SIlII.. TII<,t.c'IIIP('1'ilt.III','allll \'('I'li('al \'('Io('il,.\' pl'Ofil('snlollgn IllIl'izolllid
Iill(' at.;: = 0,5, for 10:! ~ Ifll ~ !OS alT pl'<'sc'lIll'd ill Figlll'l' 5,G, Frolll !"iglll'l' ;>.fi(n). 11'('
ohsl'l'\,(' Iltat for lal'g(' Ifll tltl' 1"llIpl'l'allll'<' 1I,,\xillllllll d('('I'('asl's illld Ill<' I l'lI IIH'1'il I 111'('
profiil' hl'('ollll'sos('illaloIY, Figlll'l'5,G(iJ) SIIOII'S I It at for lal'gl' Ifll Ill(' 1'('l'ti('i1II'l'!o('il\
alsoIH'collIl'soscillat.ory
I"':i 11 III 1'il (ID75) 1'01111<1'"1 illt.I'ITslillgf('aI.IIITofll<'al,is!;IIHI('il'('ld'll.iollfI'OIIllaho-
l'atorvalldlllllll"l'i('alsllldiI'S, I\illllll'a (ID75)ohsc'I'\'l'd 1'1'0111 ('X IH'I'illl('lItsllt'lllll'at
islalld ('ilTlllatioll Itas two tV!H'S of f101I' I'l'gillll's, 011(' I"IS a sillgll' 1I1'IXillllllll of IIp-
draft. at I he ('('lIll'(, of 11t(' Itl'at islalld, 11,lti('1t is I'alll'd Iypl' C, alld tll<' otlll'l' Itas hm
IlIaxilllaofllpdl'aflal.hollll'd!!,('sofl.lll'ltl',lIislalld,wlti('ltis(',dl('dlvIH,g \\'11<'11
1,1,,'difl'l'l'<'lIt.ialll("lt.i"gisslrollg,a,slrollgll'"TOII'IIIH1I',d'lisl'olll,('liI,I',II,('dallll\','III<'
('('lill'<' ol'tll!' islalld; Oil thl' other halld, \1,1"'11 the difkl'<'lIlialltl'alillg is 1I'("lk. 11t('
('('fltr('oft.lH'('irclI!at.iollislo('al('datllt(,l'dgl'sofl.ltl'll<'atislalld,i\iillo('/III,(:.?OO(i)
,dso ohsc'rl'l'd 1It,II 1I01llilll'm 1tl',II islnlld ('ir('lIlnlioll Itas 1,11'0 dirl'l'l'<'lll \.I'!H'S of flow
l'<'giIlH:s,alldllt"I.I"IIIsil.iolll)('I.II'I'l'lIt.1l('l.lI'ol'<'giIlH'sisd('ll'rlllill('''hyallolldilll('II-
siollal p'lralll<'il'r (I'm d!'lails Sl'I' Niillo rl of.. 200G), I"roll I Olll' silllld,lIioll 11'(' alsc,
OhSI'I'\'I' t.It'11 tit" f101I' I'l'gillll'S'11'l'('ltal'al'll'l'izl'd hI' tlt(' 1I0lldillll'IISiollal par;lIll1't('l' Ifll:
h'IH' C f1oll' IH'('lII'S 1'01' Ifll ~ 10" alld h')H' I,' Ol'l'lIrs for Ifo 2: 1010. Figlll'l' ;l.1 sltows
IlI'(ldifl'l'I'<'IIII.\'p('sol'f101I'r('gillll'sl'orl?lI = 10Jalld Ifo = Ill(;, l,'rolllOlll'silllldaliolls.
CIIAI''I'EIl 5. NlI~llmlC:AL SI~llILA'I'ION (W 11101\'1' ISI.ANI) C'IIlClILA'I'ION III
lI'I'o!>sl'rvI'c!<-;trly 1.11,11 1.11<' l"<'slill.sH!"(' ill good qllaliLal.il·('agl"<'I'III<'liI with Ill<' l"<'slill.s
provid('d!>y I\illlllnl (1!.l7fl) alld Niillo I'! Ill. (2ll0G)
Th(' horizllIll"II"<'locit\·. (11), "lid I"Orlicil\', (ul), aresholl'll ror Nil = IO:I.llll.lll".
10".10',10". P,.=O.71, l7i= I.illld 1""= I illl·'igllr<'s'J.8.all<l 'J.!!. \\','o!>SI'!"I"<,rrolll
Iciglll"<'s:>./i "lid 5.9 tllat tll<' Ilorizolllall"l'locity. (11). alld Ill<' I"Orticil.y. (u:) al"<'slrollgh
depelldallt OIl I~II. The "d"pt('d grid Illr tll<'sl' sillllilaliolls is pl"<'Sl'III<'d ill I.'iglll"<' f'.lll
TIl<'III1IIJ1H'rorgrid poilllslIs('d In'IIII's('silllll!;lIioIlSissllo\l'lI ill'l',>!,II''J.I. I.'rolll Illis









'I,\!>I,' G.I NIIIIJI)('r or grid poillts cOIT,'sIH'IHlillg to I~II
5.3.2 Dependence on Richardson number, I?i
'I'll<' nidlardsoll IIIIIIIIH'I". I~i, is 1.11<' IIIOSI. illlport'"IL dilll<'llsiolil('ss p:mlllll'i<'r ror 1111'1'-
IlIallydriv('lIl1oll·s,wllicllisd('lill('dhl·l7i=~.'J. 1,'orl.lll'rlllallydri\'('lllIolI·s, Ni
IIH'aSIII"<'S 1111' illlportillH'I' or 1I"llIral COIII'I'Ct iOIl COlllp,"'('(1 10 rorn'd COllv,'I'1 iOIt. I~i
also illdic,,\('s Ill<' r('latioll 1)('111'1"'11 tll<' Cl'iIsllor 11111111)('1". (,',. alld 111(' 11I'I'llold, 1111111-
!>el'. Ih,. C'OIIlIIlOllly I Ill' nidUlI'IlsolI 1I1111J1H'r is "Iso ddill('d ilS I?i = fiS. 'I'll<' lIallll'al
CIIAI"I',"1l S, NlI~ll';IlIC;\L SI~llJLXI'ION 01' IIEI\"I' ISLAND C'IIlCIILATION /1
l'OIIl'('c1iOIl is 1Il').!;ligihll' for Hi < 0,1, fOJ"('('d l'olln'l'Iioll is IIl'gligihl(' for ai > 10, :llld
Ill'illll'r is Ill'gligihll' for 0,1 < I~i < ID, l!oll'l'l'l'r, if I~i = I, 111l'1I 111l' CirCIII:llioll is
a hllo,Yalll''y drin'lI 110\1', 1·'ig1ll"1· 5,1:2, sllO\\'s I.l1l' 1.('lIlpl'I'ilI.III'(' proliks for all = ID",
Ni = :3,5, 10, P.,. = O,?I alld 10',. = I. F'rolll Il1is F'igllJ'(', \1'(' C'III l'asih' J'(':lli"I' 11l1I1'
1lll'lelllperalllJ'('lil'ld has hl'('1I all'('cll'd hI' ai, I,'ro11 I l,'ig1ll"l' 5,1:2, \1'1' S('I' l'il'arh' Il1al
il'llJ('l{ichilrdSOIl 1IIIIIIhcrill('J'I':lS('S, Ihl'flllid aho\'l' I Ill' Ill'iJlislalld\l'i1rtIlSllp,alld
Ill'lIcI'ris('slIp\l'ilrddlll·l.ollll'd('I'I'(':lscofdl'lIsilywil.htlll'ill('J'('as('ofl('IIII"'l':l11II"('
(",q,I:lI'g('f::,O)
5.3.3 Dependence on Froudc number, J,,.
Thl' dillll'lIsiOllll'SS p:lr'UlIl'il'r I,'rolldl' 11111111)('1', 10',., is ddilll'd 1)\, 10'1' = Th(,
l,'rolld('llllIlJi)('rlllcaSIIJ'('"rl'!<JI,il'l'illlpOrlaIlCI'I)('I\\'('('1I 1'01'('('
1"1' also illllical('s Ihl' J'('lilli\'(' sigllilicalll'(' hl'II\'('('1I dlilracil'risl.ic \'(,Iocill' '"1l1 gr:l\'i-
laliollal \I'iI\'I'\'l'locily, C'OIlIIlIOllh',lhl' F'rolld('lIll1l1hl'r is also d('lilll'd :IS 1,',.= h,
\I'hl're Ill<' huoyallcy 1'J'('qU('II(',1' is gi\'l'lI 1)1' ,Vl = ~ 'If; , I klll'(', \\"(' ('all l'xp!<lill I Ill' <'i1'('c1
01' I.',. il'gravil.al.ioll'lll'ol,(,(' is illlPOltilllL sllch as lilrgl's(',lie 110\l's illl.lll'aIIIIOsph(·ITOI
illl.h"o('(',ul.llIlheprl's(·lll.work,w('h:lV(·('OIIlIIIl'll'dsiIIllliatiollsol'hIIO\':lII(',I'dri\'('11
110\\' al ai = I for variolls \'idll('s of 10',. ill ordl'r 10 IIl1d('rsl:llld how ilhrllplh' a ('ircll-
1"lioll is alrc('ll'd if /-',. is l'ililllgl'd, l,'igllr(' !j,11 1'J'('s('1I1s Ill<' tl'IIIJ)(,I'ilIIIr<' dislrihlllillll
for HIl = 10(', F,. = D,25,20, fOOD, 00, p,. = 0.11, alld I?i = I. FI'OIII this 1,'if.\IIJ'(',
\1'(' ('all ('asil,\' I'(',lii"e 11011' 1IIl' 1('IIIJ"'l'alllJ'('li('ld l1ils h('('1I ,dl'l'('I('d lI'itll 1''1'. Notl'lll'I'('
t.I"Jlil'llll'slIrf'II'"islll',Jled,t.Ill·llllidahOl'I'lVarlllsllp,alldIll'III'('ri,;c'slIpll'ilrddll('
10 I Ill' d('n('aSl' ofd('lIsilY witl1 111l' ill('rl'asl' of I ('II!1"'ral 11 rc, \\'11l'1I /-,,. < . \I'"lla\'('
'If; > O,alld Il1l'lIolI' is slahlv si I'ill i1il'd, \\'11l'1I 1",.= ,\\"('l1a\'(' 'If; =0, alld tlll'lIo\\
is Jl('lIll'illly slahll', TI1I'slahilill' ol'lllI'allllosplll'J'(' is ('xplailll'd ill 1\lIlldll.\': C'OI1I'1I
(lOOK), III tll(' Slilhlt' ilIIlIOSpllt'I"(', if illl air pal"("('1 is lined ;"Iiahillic;dh', Ill(' parcel
lI'oldd 1('11<1 10 rctllrll to ils origillal positioll ht'(';IIISt' of Iht' hi 10\"111<'\' fr('ql 1('1 I<'y, ,V
Sillc(' IV > 0 for PI' < 00 alld IV = 0 for 1,'1' = 00, \1'(' S(,t' Ill(' risillg of Ill(' hol pllllll<'
abo\'('I,h('ll('al('(lislalldhasbl't'III"('dllc('d
5.4 Summary
III this dlapt('r, thl' ildilptil'l' 11I1'sh Silllll!;ili'lIlS of hl'i11 islillld circlllillioll hill'l' hl'I'1I
presl'II!I'd fmlO:I :S;I?II:S; 10", Frollllll<'silllllliltioIlS,\I'('ohsl'I'I'I'llliltlhl'flowhilSiI
slrollgdl'!H'lIdt'III't'0Iltht'1I0Ildilllt'lIsiollalpar'IIII('II'!"SI?1I,l?i,alld/"I',I,'nlllltllC'('OIIl-
parisoll,lI't'alsoobs('I'\'I'lhatlh('adaplivt'III<'shsilllldaliollsofll<'atislalldcirclllatiolls
aI"(' ill gOlld ilgn't'III<'111 \I'ilh Ihosl' ill I\illlllra (197!j), \'iillll ('/ Ill, (lOOG) ,111<1 I)lIhllis
,\:, 'lhll/"lIli (20()~)), I,'mlll Tahll' !j,I, \1'1' ollSl'I'I'I' Llt;l.1 for largt' I?II Ill<' 1Ill1l1h('r of grid
poillls iIlITI'aSI's, as Ill(' flow l)('colI]('s oscillalol'l' for Imge Ilu, Th(, silllldalillllS I"I\'('
bl't'll ('()lIdllclI'd \I'ilh I"('SOllltioll IOl,1 x 128 alld 20,1' x lGG; hOIl't'v('r, frolll Tahll' G,I,
11'1' OhSI'I'\'I' thal ollly a fractioll of Ill(' grid poillts frolll a pn'slTih('d I"('Sollltitlll is n'-
qllil"('dfOl'actlla!I'idclllalioll, Figlll'l'!j,1:3sholl'sther('l,iliollshipht'III't'I'lIll1ll1lhl'rof
grid poill!s allrl ('()ITI'SPOlldillg IHI'lir('d CI'U t.illll' II'('d hv l,hl'SI' sillllllal,iolls, I"nllll
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Figurc 5.2: TC1l1pcmturc field (e) for Ri = 1. Pr = 1. Clnd Pr = 0.71. (a) Ho. = j(J'l
(h) Ra = lO4 (c) Ha = 10:;, (ei) na = lOG, (c) Ha = 107 , (f) I?'a = 1O~
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Figure 5.3: (a) Tenlperature held (0) aL Ihe cenLre of the vertieallilll' z/L=O.5. (b)
Ternprmt,lll'r profile (0) aL the cenlre of the verLical linr z/L=0.5 (ada.pled frolll
Dubois & Touzani, 2009), (c) Temperature profile (0) at Ihe cenLre of Ihe hori-
zontnJ linc x/L=O. (d) Trmprratlll'e profil(~ (0) aL Lhe cenLre of Lhe horizonLal line
x/L=O (adapted frorn Duuois & Touzani, 2(09)


































Figure ::l.,I: V,'rtical Vl'lol"ily filed (11') for Ni = 1. /.',. = I. ,lIHI I',. ~ (UI (a) /1" =
10:1. (b) Ha = 104 (e) Ha = 10". (cl) Ra = 10". (P) Na = 10'. (1") Na = 1O~.
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Figure 5.5: (a) Vertical "eloeity profile (w) at thecelllreofthc verticallilll'z/L=O.5.
(h) Vl'rt.ical vl'locity profill' (-w) al the centre of the vertieallille z/L=0.5 (,\daplcd
frolll Dubois &. Touzani, 2009). (c) Vertical vc!ocitv prolilc (w) at thl' ("('Iltt(' of the
horizollt,t1lille x/L=O, (cl) V,,\tical velocity profile (1/1) at the lTlltre ofthl' horizoll(.;t!
linex/L=O (adapted frolll Duhoio& TOllzani. 2(09)
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Figure 5.6 (a) Temperature profile, (e), for 10° ::; 110. ::; lOs Hi = 1, Fl = 1, ,tlld
1'1"=0.71 at thecentreoft!Jeverticallillc7,/L=0.5, (h) Vertical velority profile, (11')
for 10° ::; No. ::; lQs Hi = 1. Fl = I. and P'I" = 0.71 at the cClltre of thc vcrl ical lilll'
z/L=05
















Figulc 0.7: VCltind Vl'locity field (w) COL F1· = 1. Hi = 1. ali(I p,. = 0.71 (a) Ho =
10°, (b) Ra= lOG

































Figure S.S: Horizolltal velociLy held (11.) for /li = 1. F,. = 1. alld I',. = (J.7l ('I) 1111 =
101, (b) Ra = 1O~. (c) /la = 10". (cl) Ra = lOG, (c) Ila = 107 , (I) /la ~ I(J~



















Figure 5.9: Vorticity field (w) for Hi =] Pr = 1. and Pr = 0.71 (a)!?o - 10:\. (il)
Ha = ]0", (c) Ha = 105 . (<I) Ha = 10", (c) Ha = 10'- (f) Ra = lOs
















Figure 5.10: AdapLed grid for Ri = 1, P" = 1 and e,. = D.n (Cl) j{a = LO°, (il)
Ra = lO'l. (c) Ra = lOG, (d) Ra = 10", (c) Ra = 10'. (f) Ra = 10"






















Figure ."'.tl 8fFec1", 01' F'rolldc Illlrnlwr 011 1",cll1jlcmlllrc field (11) For Nil = lOG N/ = 1
allcl p,. = 0.71. (a) FT = 02[" (h) F,. = 20, (c) F,. = 1000. (d) F,. = 00.


















Figurr 5.12 Eft"cct of Richa.rdson lIumber 011 tl'1I11)('rat1l1"l' firld (0) for /(1/. ~ lOG
/Cl = 1 and P, = 0.71. (a) l'ti = 3. (b) I~i = 5, (c) Hi = ]()
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Figmc5.13: Thcelap:;ed CPU limc[s] at.cach lilllCSt.CP "nd the Inllnherof"d"pl('d
grid points. N is ploUcd as a function of,;ilnulat.ion t.ilne, t. A visnal inspection
bet.wccn t.hcsc t.wo curves indicat.cs Ihat CPU t.ilne[s] has Cl lincal' relationship wit h
t.hc Ilumbcl' of grid point.,;. N
Chapter 6
Conclusion and Future Research
Direction
1111.1](' IHsL dlHpLl'r of I.Ilis I.II<'sis, 1Vl' sllllllll;lriz,' its Illilill ("olilrihllLioll '1Ild hridll
oIlLlilleflllllr"l'l'Sl'i!r<,ltdireclioll
6.1 Conclusion
\Ve 1t'lve'lIlitlyzed Hlld d"riVl'd LItl'iiOV"l'Ilillii"'1I1'ILiolls for 1.I1('1'I11HII,\' dril"'1I flows, 'I lid
proposed illl HdHplil'(' IIlesll 1I1('IIIOd for silllldiltillii t!]('rlllillh, dril'<'lI f1o\\'s, \\',·Ilil\'('
l'<'rili('dolll'pmposl'dlllodellVillttll"Ooftll<'llIostpoplllilrl,'st('Hs,'s,(i)liddril'<'lI
"il\'il\' floll' Hlld (ii) tlt,'rIIlHII.\' dril'<'lI (,Hvil,\' 11011', sill("l' tlles(' f101l'S HI'(' ("OIlIIIIOllh, Ils(,d
for \','rifi("ill,ioll ofCI"D ('odes
Tltl' lid driv"1I ("HI'il\' nOlI' It'IS \]("'11 silllldH('d for f{(' = 1000 Hlld rl'solllLiOIl
i\'~ = IG(f, Not<' (hHt ill Ill(' prl'sellt ll"Ork, ollly H fml'lioll of tll(' ~rid poillts fmlll Ill('
pl'('snill('d resollllioll is 1'('<!lIin'd for lit" ill'lllHI Silllldiltioll, For "X;lIllpl,', Olli,l' :1, IIG
~rid poillts ()]It 01' I(jO~ iirid poillts ill'(' siiillifi("Hllt for litis silllldillioll wit It ( = 10 :1,
CIII\I"I'I'1l G. Co eLUSION i\ND PUTUIlI'; fh;SI';i\I1CII DIIlI';('TION 1'1(;
wlliell is,thClIII.S.2%l·011Illilr('d lollll'g;rid poillls Ils('d ill Cllin dill. (1!J~2) illld nliollt
1:).:)·1% "Cllllpill'l'd to wllnl wns Ils('d ill 1101(,llil .\: 1'('.\'1'('1 (I!J!J~). TIll' silllll!iltiCll1 ClI
thl'lid-drivl'lI('nl'il\'isillsocolullwl('dforlnrg;('lol"I'iIIlC<'(illullnrg;('('I'·L.'I'lll's,'
n'slIits (,ollfil'llllhnt nlilrg;l' (or nlnrg;l' crI, dCl('S II0t illk('1. tlll'SClllltiClII sig;lIifi(,illllh
\rl' II11H' nlso l'olldllf'll'd th,' 1lll'l'IlIillh' driH'l1 fIO\,'S ill il l'il\'it\' for IO:! :s: Ifll < 10')
nlld for n difr('n'lIt rl'sollltioll ..\'~ = 128~. 2:J(i~. W(' OhSl'I'\'l' 11"lt Inrg,· Ifll Inl!lin's n
larg;l'lIl1ll1l)('rofg;rid pOillls, wllicll is illsoil fmcl.ioll of till' pn'slTil)('d \'('solllliClII ,11111
cOllc('lIl.rakdlll'nrlhl'holllulnry
1I,'nl. isl<llId f!ClII' circlllnl.ioll l"ls 1)('l'lI ('()IUhlCt('d for 10:1 :s: !?II :s: 10' illld n'sClIII-
liClII 102·1 x 121i.20·18 x 25G. 11011'('(1"1'. till' ildilptiH' IIl1'sh sillllIinliolls of hl'nt isl<lIul
cirClllnliol1 n'qllirl' ,lid\, n frnclioll of thl' g;rid poillts frolll n pn's<Til)('d r"sCl!lIlioll fClI
thl' i\('lwIi SillllIiiltioll. Prolll Ihl' COlllp'lrisoll. \\'(' ObSl'rH' Ihnl tl1(' ildnplil'l' Ilu'sll
sillllIintiolls of I1('il I islillld circlllilliolls nn' ill good ilg;I'('('llIl'lIt "'ilh thClS(' Clf I\illlllril
(I!J7S). Niillo ('/ Ill. (200G) '1I1d Dllhois ,\:. TCl11 Zil11 i (200~)). \\'l' illso ohs('rvl' Ihnl Ih,'
r(''1"irl'd cPU I.illu' for I.Ill'sl'sillllllnlioll'Clfll('nl islalld cilTlllaliolls illlTl"IKl'S lilu'ilrh
lI'illl '"1 ill<T,'aSl' ill Ihl' 1Il1l1lbl'l' Clf g;rid poilll.s Ill'II('(' 'ld'lpli"ily Snl'l'S ('I'lIlillu' ns
1IIl'IIIod('lisO(N)
6.2 Future developments
TIll' pn'sl'lIl two dillU'lIsiollnllillll' dl'p('lId('1I1 Ilu'rJI"Iily dri"l'lI floll' ill il Ill'ill islillld
sillllll<iI.iollllsillg;illlndilplil'l'lIll'sllllu,thodl"ISIII('nliilitvofr(,sCllvillg;IClcnliz('c1lh'-
IInllli('s, so 1.11(' l'xl('IISioll or thl' pn'sl'lI1. lI'ork for I.hn'(' dillll'lIsiollill Sillllll<iliClIIS is il
IIl'xlstl'p. 'I'hispr(,s('lIt lI'Ork ('illl itlsohl'l'Xplorl'd ill Ih('fi('IdofilIIIlOSplll'ri('sci"llCl':
forl'xillllpk. I Ill' I'l'rificntioll of I Ill' CTD IlIodl,llI'ith Olisl'r\'ntioll '1'OIIId prm'id,' fllr-
Illl'r ('lIliglll('1I10 n'sl'arcll ill I Ill' lic'ld ofnllllClsplll'ric IIIOdl'lIillg;. SlIch il III0d"I (('()(lld
pla\' all illqlorlalll roll' ill pr('di('till~ IO(,ill \\'('illl,,'r ill fast ~ro\\'ill~ IIr!lall ar(,as
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